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e Eta functions: These functions are a powerful tools for deriving the
approximation of functions with trigonometric or hyperbolic variation
which have oscillatory character.

e Eta-based function: The new set of based functions, the Eta-based
function, has been introduced using the Eta functions. An essential
property of the Eta-based functions is that they tend to the polynomial
when the involved frequencies tend to zero. Thus, the Eta-based
functions are suitable for attaining a good approximation of high
oscillatory functions and polynomials.

e Orthogonal polynomials: These polynomials play the most important
role in spectral methods and, therefore, it is necessary to highlight
their relevant properties.
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The gamma function is used extension of the factorial function to
complex numbers. The gamma function is defined for all complex
numbers except the non-positive integers as:

Gamma function

|

I'(z) :/ e 't*71dt, Rez > 0. (1)
0
By using integration by parts we find that
I'(z+1)=2I'(2), Rez>0. (2)
Further we have
oo
ra) = / efdt=— e =1 (3)
0

Combining (2) and (3), this leads to

T'(n+1) =nl. (4)
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The beta function B(u,v) is also defined by means of an integral:

Beta function

1
B(u,v) = / =11 —t)""'dt, Reu >0, Rev > 0. (5)
0

The connection between the beta function and the gamma function is
given by the following theorem:

B(u,v) = %, Reu > 0, Rev > 0. (6)J

In order to prove this theorem we use the definition (1) to obtain

I'(u)T'(v) :/ e_tt“_ldt/ e sV 1ds—/ / —(ths)pu—l o=lgp s
0 0

(7)
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Now we apply the change of variables ¢t = zy and s = z(1 — y) to this
double integral. Note that ¢t + s = 2 and that 0 < ¢ < co and

0 < s < oo imply that 0 < z < oo and 0 < y < 1. The Jacobian of this
transformation is

Hence we have

:fO foo —zu—1 YU 10— 1(1—y)v_1xdacdy

foo —z putv—1 4. fol yu_l(l — y)v_ldy — F(u + ’U) B(u, 1)).
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For real parameters P1s--sPa and qi,...,q3
(gj #0,— .j=1,...,8), we define the generalized
hypergeometrlc functlon oF(P1s -y Pas a1, .-, qp; YY) according to

Generalized hypergeometric functions

o
(pl)k"-(pa)k y*
Fz(p1, .-y Pas q1, -G8 Y) = el 8
aﬁ( « B ) kZ:O(Q1k“'q5kk! (8)

where (p) is the Pochhammer symbol defined, in terms of the Gamma
function I'(.), by

(Po=1, Pk =pp+1)(p+2)..(p+k-1)=T(p+k)/T(p), keN.
(9)

If o < 3, the series is absolutely convergent for all values of Y | if

a = B+ 1, the series is convergent for |Y| < 1 and for |Y| = 1 the series

is conditionally convergent. If a > 8 + 1, the series is divergent.
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The Bessel function of the first kind of real order u has the series
expansion as stated in

Bessel functions

(_1)k (Y)2l~c+u‘ (10)

Tu(¥) :kzzok:!F( fu+1)'2

The infinite series in equation (10) will converge for all values of Y.
The modified Bessel functions of the first kind are defined by

L(Y) = P ,(0Y), (1)

where ¢ = v/—1 is the complex unit. It is easy to show the modified
Bessel functions of the first kind are a real function of Y.
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Eta functions, denoted by 7,(Y), n > 0 and Y # 0, are defined in
terms of the recurrence relation (12)

Eta Functions

nAY)=m%ﬂY)_@$_1M”*@7, n=1,23,.. (12

. 1
Yz) Y<0 Sﬂﬂﬂ vl
2
n_1<Y>={°’°S(' DTSN =1 v=o )

. 1
snh(Y2) vy > 0.
Y?2
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These functions have the following values at Y =0:

7 (0) = m, n=12,.. (14)J

where !! is a double factorial. Eta functions have some well-known
properties such as:

Series expansion:

k4n)! k
Mn(Y) =27 Z (2k(+—;:+1)'};'

k

=9~ (nt) /x f %% n=0,1,..
k=0 F(k+n+§) :
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Differentiation properties of Eta functions is defined as

Differentiation properties

1
T(Y) = 51 (V), n=-1,0,1,2,.. (16)

m(Y), (n=0,1,2,...) is the suitably normalized regular solution of
differential equation (17)

Differentiation properties

1 1
Y2+ 5(271 +3)2 — °= 0. (17)
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The Eta-functions can be defined by the Bessel functions as

1

m(=2%) = Fa~ 2, 4 (2)
— (el

m(+2?) = /o~ "2 1 (2)

N= =

(17)

Theorem 1: (Generating function)
The generating function of the Eta functions is obtained according to

Eq. (18) as

T t,Y 1 \/? = n
—e22t x —FEr — = n(Y)t", 18
J3erE < SErny L S m(v) (18)
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where Erf, is an Error function (also called probability integral) as
stated in Eq. (19)

Error function

2 [ 2 e 2080
Brft=— [ e¥ds=——e Y =" 19
rf \/7?/08 Y ;(27+1)!! (19)
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HESSSSSS———.
Proof: Using the Taylor series of e and Eq. (19) we have

\/ge%J“% X %Erf = (e%) X (\/geé X %Erf\/g)

2v+1
0 Y _ t ot [e'e} 2v YT 2
_ (Z (2;!) ) < 5€2 X \/LZ X \/i;re 2’?::0%)

v=0
© (Y 00 ~
-3 (2;') 5 (2%)1)”
v=0 v=0

2t = 277 v,
-> Z G L m Tt T @

now we want to pick out the coefficient of " in this expansion. For a
fixed value of v the coefficient of ¢ is obtained by taking

v —v =mn, ie., v7=v-+mn. Thus, for this special value of v in Eq. (20),
the coefficient of ¢" can be obtained from the following relation
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2"~!
(27 + Dy —n)!
The total coefficient of t" in Eq. (20) is obtained by summing over all

allowed values of . Since v =+ —n and v > 0, we should have v > n
so using Eq. (21), the total coefficient of ¢" will be as

Y7™" = the coeflicient of t". (21)

> 271 — > 2"(n+ k) Y B
; CERICE _g Gnronrn g Y (22

where we have set k =~ —n.
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Theorem 2. (Integral representation)

Eta functions of order n can be represented by the integral Eq. (23) as

ma(Y) = YT nﬂf / ~ D) etk gt (23)
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Proof: We have

v \k
ff’; t_(n+%)et X e%dt = f_o; t—(n+%)et § (Tkt:!) dt
k=0

o (Y \k
— f = (n+2) Z (4t)_ki—fdt = %ff; t—(chrnJr%)etalt7
k=0 i k=0
(24)
we also recall the Hankel’s representation conforming to Eq. (25),
o+ .
[t ea = 2T (25)
oo L'k+n+ 5)
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substituting Eq. (25) into (24) leads to

o+ o) . Y k
/ = HDel x errdt =y - () : (26)
o0 ZT(k+n+3) K

consequently, from Eqgs. (15) and (26), we obtain

—(n+1) Zk
\/_/ (D) ot T gt — (n—l—l\/_z k+n+ )'(2!) =

(27)
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Theorem 3. (Laplace transform)

The Laplace transform of Eta functions is expressed following Eq. (28)

—(n+1) /=
Lot =2, Ly (). 28)

S 4s
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Proof: Using Eq. (15) we have

e°] Y \k
E{nn foo - (Y)dY = fooo 6_8Y2_(n+1)ﬁk2_:0 k!I‘((kA—li-)n-i-a)dY

o0
2—(n+1)ﬁk20 4kk!F(lc1+n+§) Joo e YRy

_ 2 (n+1) 1k _o—(nt1) 1
S N g ()

F(k+n+ )y

where

EQ’B(Y):ZW’ CB>O, ,BEC,

is the generalized Mittag-Leffler function

(29)

(30)
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Lemma

The product of two Eta-based functions 7, (Y )n,(Y) can be obtained
as reported by

(Y )nm(Y) =

7T2—n—m—2
L(n+32)0(m+3

)2F3(2+n+m 3+n+m 3+m,2+n 24+ n+m; 93)
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The Eta functions satisfy the following relations: (28)
Mm(Z) =n,(0)+ ZDyp(Z), n=-1,0,1,2,3,...., (31)
where
1 7 n+1
D(2) = m(0) | 578(7) = 3. (26 = 3)1i(2) (32)
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INNSSS——.
Proof: At first observe that, from definition

_ h2(Z) = 20— 1)na1(2)
Z Y

M (Z)

we have

n=201,2,...,

_ [1e1(2) — Znnn(2)]

mn(Z) m+ 1

. n=1,2,3, ..., (33)

and proceed by induction on n.

no(Z)={ (V7 =) 270

770(%) = ﬁ(eT —e

so we have
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Let us suppose n > 0 and let Eq. (31) and Eq. (32) be valid for n — 1,
ie.

Mn-1(Z) = Mn-1(0) + Z Dn1(Z), (34)
Dys(2) = s (0) | g () = S i - 3m(2)| . (39)
=0

By substituting Eq. (34) in Eq. (33), and by using 7, (0) = m,
which shows that 7,,(0) = 1,-1(0)/(2n + 1), we have

_ -1(0) + Z (Dn-1(Z) = 1m11(2)) Dy—1(Z) — nn41(Z

n(Z) 2n + 1 i (0)F 2n + 1
From Eq. (35) we have
Dn—1(Z)=nn+1(2)
2n+1
n+1
1O BE(5)-'E @im8)in(2)~ -1t (2)]
= ~ 2ntl = Dn(2).
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[

For n = —1,0,1,... we have

[Z nS(G’Z 2m Z ( ) n'j)| Znijamijnm—j-i-s (aZ)7
(36)

where J = minm,n.

v

Proof: On using the Leibniz formula for the product f(Z)g(Z)

m

r@92)™ =3 () 190z)am 0 2),

J=0

for f(Z) = Z" and ¢g(Z) = ns(aZ) and the relations

n! -5 4
: 7 j<n y o1
12 ={ = j.> D and n(a2)]V = Sa'nigs(aZ),

the stated relation results directly
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Eta-based functions

Eta-based functions, denoted by ¢, (t) are defined according to Eq.
(37) as
on(t) ="t 1 (Y (D), n=1,2,-- (37)

where Y (t) = —£%t? in the trigonometric case and Y (t) = £2¢? in the
hyperbolic case. These functions have the following properties

Ont1(t) = tpn(t), for even number n > 2. (38)

ton_1(t) — (n — 1), (t
Ont2(t) = pna(t) — (n — 1) (), for even number n > 2, £ #0,

+&2
(39)
where the upper/lower sign is for oscillatory /hyperbolic case. An

essential property of the Eta-based functions is that they tend to the
classical power function (or polynomial) when £ =0
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The Eta-based functions ¢, (t) can be defined by the Bessel functions
as stated in Eq. (40)

VI3l (e, v =—g22,
on(t) = 1 1 (40)
\/gfg_L%Jtn_L%J_EILgJ_%(ft)7 Y = £%2.

Proof: From the series expansion of Eta functions, the definition of
Eta-Based function and using the Legendre duplication formula (?7?),
we have
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For £ # 0, the product of two Eta-based functions ¢, (t)epm (t) can be
obtained as reported by Eq. (41)

R : (i) .
_ LZI+LZ3]) n4m—2 k <¢522)
n(t)em(t) = 72 2 2 t 2

en(t)em(t) == = OF(IH'L”J* )r(k+L75LJ7%) 4

L

w\s

L3+ 312+ IR LI 313013+ B 15742%62)
TLFI+HTUTI+D) 1

[N

= o (BHE]) rtm—2 2F3 (31314

(41)

v
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Best approximation and operational matrices:
Suppose f(t) € L?[0,1] and

fﬁ(t) =H"'A= alhl(t) + azhg(t) +---+ aNhN(t), (42)
is the best approximation to f out of H where
H(t) = [hi(2), hg(t),...,hN(t)]T, A=lay,aq,.. .,aN]T, (43)

are the base functions and coefficients vector. We have two next
theorems if we choose the Eta-based functions as basis functions in Eq.
(42).
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Theorem (Operational matrix of derivative)

The derivative of the H(t) = [¢1(t), w2(t),...,on(t)]T where p;(t)
defined in Eq. (37) satisfies the following relation

where D(t) = [dij]nxn is the operational matrix of derivative.

Dy(t) If N is even,
D(t) = (45)
Dy(t) If N is odd,

Salameh shat (Buein Zahra TechAnalytical Properties and Applicatior April 11, 2023



0 F€? o F¢
1 0 o 10 o0
t 1 0 o0 t 1 0 o0
o 1 o0 o o 1 o0 o
Dy = t1 0o o0 Dy = t o1 o 0
t 1 0 0 o 1 0 o0
o 1 o0 t 1 0

2023 31 / 116
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For £ = 0 we have:

D3 If N is even,
D(t) = (46)
Dy If N is odd,

where
0 0 0 0
1 0 0 1 0 0
2 0 0 2 0 0
1 0 0 1 0 0
4 0 0 4 0 0
D3 = , Dy =
1 0 0 N -3 0 0
N —2 0 0 1 0
1 0 N — 1
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Theorem (Dual operational matrix)

The dual operational matrix of the H(t) = [p1(t), p2(t), ..., on ()T
can be obtained according to Eq. (47) as

1
| HOB @ = Q. (47)
0
where Qg is the N x N dual operational matrix and
2,1 2,2) .- 2, N
gue| PBY B2 e | )

in which
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o ([3H8]) &= FOMGBIeBD GHR[g] 3B D, R,
r(2[+Hr 5[+ 1o mm-neG+[2]D, G+[5]D, (3]+[2]), D,

¢(n,m) =

H
—
=

"

Il
_

(n+m—1)1(2[%J—1)n(2[%J —1)n

(49)
Proof: Since
e e1Mer®dt [ ei®)ea(t)dt - [ e1(t)en(t)dt
X o e2(®e1()dt [ a2 (t)dt -+ [ pa(t)pn (t)dt
/ HHHT (Hdt = ,
0 . . . .
g en@®ei®dt  [Jen®Oe2®dt - [§on(Oen(t)dt
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we have )
60, j) = /O pilt); (D), (50)

by integrating of the product of two Eta-based functions given in Eq.
(41) on [0, 1], the result is obtained directly for £ # 0. For £ = 0, the
result can be obtained by using Eqgs. (14) and (37).
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State-dependent and time-dependent neutral delay equation

In this section, we use the Eta-based function to develop the new
numerical method for the state-dependent and time-dependent neutral
delay equation as stated in Eq. (51)

z'(t) = g(t, z(t), z(t — ©1(t, z(1))), 2’ (t — O2(t, 2(2)))),
x(0) = xo, 0<t<l1.

In Eq. (51),
o(t) = [z1(t), 22(t), -, 2, (1)]" €R?, (52)

is a real-valued p-vector function and

9(t) = [g1(t), g2(t), -+ , go(1)]", (53)

is assumed to be a sufficiently smooth real-valued p-vector function.
Also, ©1, ©9 are assumed to be continuous functions for all ¢ € [0, 1].

o
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o
Numerical method

This section is devoted to presenting a new numerical method for
solving the problem given in Eq. (51). Using Eq. (42) the best

approximation of z;(t), i =1,2,--- ,p is
zi(t) = HT (1) A;, (54)
and o
z(t) = H(t)A, (55)
where A is a pN x 1 vector given by
A=A}, As, .., AT, (56)
and )
H(t)=1,® H"(t), (57)

in which I, is the p dimensional identity matrix, H(t) is p X pN matrix
as well, and ® denotes Kronecker product. Using Eq. (54) and
Theorem 2.6, we have
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zi(t) = HT (t)DT(t) A;. (58)
Using Eqgs. (52) and (54) we get
2'(t) = H(t)D(t)A, (59)

where D(t) is pN x pN matrix as
D(t) =1, DT(t).
Substituting Egs. (55) and (59) into (51), we have

A~

H(t)D(t)A =

g(t, Ht)A, H(t — ©,(t, H(t)A)) A, H(t — Oy(t, H(t)A))D(t — Oq(t, H(t)A))A).

Next we collocate Eq. (60) at the Chebyshev nodes in [0, 1]

1 27+1 1
tj:—COS’/T(]——i_)‘i_

=, j=01,.,N—1 1
2 2(N+1) 27 ] 0’ ) ) ) (6)
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to obtain a system of p/N nonlinear equations as
W = H(t;)D(t;))A — g(t;, H(tj) A, H(t; — ©1(t;, H(t;)A) A, H(t
— Os(t, H(tj)A))D(t; — Oa(ty, H(tj)A)A) = 0.

Similar to Eq. (55), corresponding matrix form for the initial condition
z(0) = x¢ is according to Eq. (63)

V =H(0)A—-z5=0. (63)

Replacing V' instead of the p last row of W, we have a set of pN
nonlinear equations which can be solved for the elements of A using
the well Newton’s iterative method. Finally, we calculate x(t) given in
Eq. (55).
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Error estimate

This section aims to estimate the error norm for the numerical method.
For ease of exposition but without any loss of generality, we describe
convergence analysis for p = 1 and z1 = z. At first, we suppose that
HH(0,1) with u > 0 is a Sobolev space equipped with the norm

m
@ o= Z / 2O Pw@d | = (3129 2
=0
(64)

To continue the error discussion, the following Theorem is recalled.
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Theorem

Assume that x be a member of Sobolev space H*(0,1) with x> 0, and
P, (2t — 1) be the well-known shifted Legendre polynomials defined on

N

the interval [0,1]. Let > a,P,(2t — 1) € Ily, denotes the best
n=0

approximation of x using the set of shifted Legendre polynomials,

where Il is the space of all polynomials of degree less than or equal to
N. Then we have

x—Zan (2t —1)

where c¢ is a constant positive independent of N and x and

< CN_H’*T‘H/“N(O,I) ) (65)
L2(0,1)

o=

i 2
|x|Hu;N(071) — Z Hx(i)

2
i=min{p,N+1}
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Theorem

Suppose that  be a member of Sobolev space H#(0,1) with p > 0, and
¢n, be the Eta—based functions defined on the interval [0, 1]. Assume

that xn(t) = Z anpn(t) denotes the approximation of x using the set

of Eta-based functlons Then we have

N
x — Z anen(t)
n=1

N
< eN7Halgungqy + D Va2 2lela,). (67)
L2(0,1) n=1

v
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Theorem
Let x € H*(0, 1) be the exact solution of Eq. (51) and

Ty =HTA= Z anen(t) be the approximate solution of this equation
obtained by the proposed method. Then, we have

N n
|z — ﬂT7N||L2(0,1) = CN_M|x|HmN(0,1) + 21 ﬁ2_L§J5|an|
n=

9—2[5]
1 (= 1+2n){F(L IE=)

N
Hla - Al % 225 (n— 1, 1§1m+ 12131, 131+ 3
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Numerical example

In this section, we assess the new numerical method to derive the
numerical solution of Eq.(51) for different cases. We consider different
formats of the delay term, including a pantograph delay where the
delay term is represented as z(qt), and a time-dependent delay where
the delay term is expressed as z(7(t)), and a state-dependent delay
where a delay term is introduced as z(t — ©(t,z(¢))). In each example,
we present the absolute error for each case to compare the results.

Case 1: We choose Eta-based functions as a base. In this case

H(t) = [p1(t), 2(t),- - on ()] (69)

is defined on t € [0, 1] where ¢;(t) has been introduced in Eq. (37).
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Case 2: We choose Legendre polynomials as a base. Legendre
polynomials, P,(t), is defined on the interval (—1, 1) using the
following recursive formula

Po(t) = 2P,_1(t) — Pu_s(t), n=2,3, ..., (70)

where Py(t) =1 and P;(t) = t. These polynomials are orthogonal
with respect to the weight w(t) =1 on the interval [—1,1]. In this
case

H(t) = [Po(2t — 1), PL(2t — 1),..., Py (2t — 1))T (71)

is defined for ¢ € [0, 1].
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Case 3: We choose H (t) = [o(t), ¥1(t),...,¥n_1(t)]" as a base

where ( )
cos(i x t), ifiis even
vit) = { sin(i x t), ifiis odd

and ¢ € [0,1]. In some specific cases we could consider only
sin(i x t) or cos(i x t) as the base.
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Example 1. Pantograph delay differential equation

In this example, we consider Eq. (51) where p = 1 and

g(t) =z(%) + et(t;l) = eit(zt_l) — Lsinh Z. In this case, we have a delay
differential equation of pantograph type with an exact solution

x(t) = tsinh(t). In this case, for reaching the absolute error of order
O(10716), the CPU time taken in Legendre polynomials was almost 42
times greater than that in Eta-based functions, and this accuracy was
not achieved when we used trigonometric functions. The absolute error
is presented in Table 1. In this table, we choose four first terms of the
base for all three different choices of base functions.
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Salameh

Table: Absolute error for example 1.

t Eta-based Legendre Trigonometric
N=4 N=4 N=4
0.2]360x10716 205x102 5.05x 102
04| 527x10716 250x 1072 6.16 x 102
0.6 | 6.10 x 10716 2,67 x 1072 6.47 x 102
0.8 6.66x10716 3.17x1072 7.71 x 1072
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Example 2. Multi pantograph delay differential equation

In this example, we consider the multi-pantograph delay differential
equation. We assume, in Eq. (51), p =1 and

g(t) = —x(t) — e s sin(£)x(L) — 21 cos(%)sin(L)z(L). The exact
solution is z(t) = e~tcos(t). The absolute error is presented in Table 4.
Also, CPU time used (in seconds) for different values of N is given in
Table 2.
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Table: Absolute error for example 2.

t Eta-based functions Trigonometric functions

N=3 N=7 N =11 N=3 N=7 N =11
02 [ 1.2x1072 12x10°° 1.6x10°19 52x10° 69x10-% 42x10°°
04 | 1.5x1072 95x107% 1.2x107'% 75x103% 53x107* 3.0x107°
06 | 1.4x1072 71x10"% 91x107' 58x10"% 40x107* 22x107°
08 | 1.0x1072 49x10"% 6.3x107'1 23x10°% 26x10"* 1.6x10°°

Table: CPU time used corresponding to Eta-based functions for solving example 2.

| Absolute error | 0(10~2) O(10~3) 0(107?) 010~ 19)
[ CPU time [ (N=3)000L (N=5)0.006 (N=17) 003l (N=11)0.157
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Example 3. Time-dependent neutral delay differential
equation

To examine the effectiveness of the proposed method for
time-dependent neutral delay differential equations, we consider Eq.
(51) with p =1 and g(t) = —x(O(t)) + 2/(©(t)) + cosh(t) — t_+1 Also,
we assume O(t) = In(t + 1). The exact solution is chosen as

x(t) = sinh(t). Table 3 shows the absolute error for this case. In this
example, reaching the absolute error of order O(10716), the CPU time
taken in Legendre polynomials was almost 66 times greater than that
in Eta-based functions, and the CPU time taken in trigonometric

functions was nearly 22 times greater than that in Eta-based functions.

v
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Table: Absolute error for example 3.

t Eta-based functions Legendre polynomials Trigonometric functions
N=3 N=3 N=3

0.2 | 1.3877 x 10716 4.0251 x 1072 3.9415 x 1072

0.4 | 1.6653 x 10716 4.9112 x 1072 6.3251 x 1072

0.6 | 2.2204 x 10716 3.4987 x 102 6.1952 x 102

0.8 | 2.2204 x 10716 6.9415 x 103 3.7040 x 1072
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Integral equation

In this section, we develop a new numerical method based on the Eta
functions for solving the system of Fredholm and Volterra integral
equations

t 1
P(t) = GH)+M / Ki(t, 5, P(s))ds+ A / Kolt, s, P(s))ds, 0<t,5<1,
0 0

(72)
where
P(t) = [p1(t), s (D],
G(t) = [gl(t)’ "7gn(t)]T7
Ki(t,s,P(s)) = [k](t, 5, P(5)), ..., Ky (£, 5, P(s))]”,
Ks(t, s, P(s)) = [K{(t, 5, P(s)), .., i (L, 5, P(s))]"

and A1 and Ao are constant vectors.
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The best approximation of p;(t) in Eq. (72) is
pi(t) = H' (H)Di, (73)

and
P(t) = H(t)D, (74)

where D is a nN x 1 vector given by
D = [Dy, Do, ..., D)7, (75)

and
H(t)=1,® HT(t), (76)

where I,, is the n dimensional identity matrix. Also, H (t) is n x nN
matrix and ® shows Kronecker product.
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Replacing Eq. (74) in (72), we have

t 1
H(t)D =G(t) + M\ / Ki(t,s, H(s)D)ds + X\ / Ks(t,s, H(s)D)ds,
0 0

(77)
Using the Gauss-Legendre numerical integration for evaluating the
integral in Eq. (77), we get

N R P t ot Lt ot . P 1 1 101 .
HE)D = G(t)+A1 D wiK1(t, —+—vi, H(=+=7) D)+ A2 D wiKa(t, =+ =i, H(=+-7;)D), 0<t<1,
= 2 2 2 2 = 2 2 2 2
(78)
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where w; and ~y; are weights and nods of Gauss-Legendre. Using Eq.
(78), we introduce the residual of the problem as

p N N
R(t,D) = H(t)D — G(t) = A1 > wiK1(t, 5 + 57, H(5 + 57:)D)
=0

p «
-2 z%)wifﬁ(t, 3+ 3%, H( + 37)D),

and collocate this equation at the extreme points of the Chebyshev
polynomial to get n/N nonlinear equations which can be solved for the
elements of D. We use Newton’s iterative method to solve the
nonlinear equations for the elements of D. Finally, we calculate P(t)
given in Eq. (74).
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Example 4:

In this example, we assume n =1, Ks(t, s, p(s)) = k(t, s)e”®) where
k(t,s) = ts and the exact solution is p(t) = cos(t). The absolute error
is presented in Table 4. In this table, we choose four first terms of the
base for all three different choices of base functions.

Table: Absolute error (Example 4)

t Eta-based functions Legendre polynomials Trigonometric
0.2 ]38x10 11 1.1 x 1074 3.5x 10711
0.4 | 75x 1071 8.6 x 107° 7.9 x 10711
0.6 | 1.1 x 10710 1.1 x 1074 1.1 x 10710
0.8 | 1.5x 10710 1.2 x107° 1.5 x 10710
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Example 5: In this example, we assume

n=1, Ks(t, s, p(s)) = k(t,s)p*(s) where k(t,s) = ts and the exact
solution is p(t) = tsinh(t). The absolute error is presented in Table 5.
In this table, we choose four first terms of the base for all three
different choices of base functions.

Table: Absolute error (Example 5)

t Eta-based functions Legendre polynomials Trigonometric
02 ] 14x101 5.6 x 10~* 2.4 x107°
04 ]29x10"1 4.7 x 1074 7.2%x107°
0.6 | 4.4 x 10711 6.4 x 107* 1.1 x 1074
0.8 [ 5.9 x 107 1.2 x107* 3.8 x 107°

Salameh Sedaghat (Buein Zahra TechAnalytical Properties and Applicatior April 11, 2023 58 / 116



Orthogonal polynomials and polynomial approximations

Orthogonal polynomials play the most important role in spectral
methods and, therefore, it is necessary to highlight their relevant
properties. This section is devoted to the study of the properties of
general orthogonal polynomials. We briefly review the fundamental
results on the polynomial approximations.
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The family of orthogonal polynomials constitutes a basis of the Hilbert
space La([a,b], w(zx)), with the standard inner product given by

b
(f.9) = / F(@)g()w(z)dr.

These orthogonal polynomials satisfy many important properties,
among which we highlight the following:

e The polynomial p,(x) is of degree exactly equal to n for all n > 0. J

(a,b).

e The zeros of p,(z) are simple and they are located in the interval J
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e The following orthogonality property is satisfied:

b
/ P (2)pm (2)w(x)dz = cndpm, m,n=0,1,2,...,.N

or equivalently

b
/ "pp()w(z)de =0, forn=1,2,..;m<n.
a

The interval (a,b) is called the interval of orthogonality and need not
be finite.

The weight function w(z) > 0 for all z € [a,b] and w(z) > 0 for all

x € (a,b).
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e A sequence of orthogonal polynomials p,(x) satisfies a 3-term
recurrence relation of the form.

:L‘pn(fL‘) = pn+1(x) + anpn(x) + bnpnfl(x%

where we set p_;(x) = 0 and pp(z) = 1 and coefficients a,, and b,, that
can be written in terms of the inner product

(P, Pn)
(pn—l,pn—l) 7

Qp = (-Tpmpn)’ n>0, b, =

n > 1.
(pmpn)
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e The derivatives of orthogonal polynomials also form orthogonal
polynomial sets.

e Ortoghonal polynomials satisfy a second order linear differential
equation of the Sturm-Liouville type

p(x)yn"(a:) + Q(x)yn/(x) + )\nyn(m) =0

where p(x) is a polynomial of degree < 2, ¢(z) is a linear polynomial,
both independant of n, and A, is independant of . Equivalently, the
weights satisfy a first-order differential equation, the Pearson equation
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e The Rodrigues’ type formula of orthogonal polynomials is defined as:

1
W(z) = — D" "), n=0,1,2, ...
Yn() p [w(@)p™ ()], n=0
where p(x) is a polynomial in = independent of n and a,, does not
depend on z.

The Rodrigues formula provides transparent and immediate
information about the interval of orthogonality, the weight function,
and the range of parameters for which orthogonality holds.

From the application point of view, the most important class is the
so-called classical orthogonal polynomials, that include the well-known
families: Hermite, Laguerre and Jacobi.
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The polynomials orthogonal with respect to the normal distribution
e~ are the Hermite polynomials, named for the French
mathematician Charles Hermite (1822 - 1901).

Definition: Hermite polynomials

The Hermite polynomials can be represented explicitly by

V.
Theorem

The Hermite polynomials are denoted H,(x) and are defined by the
generating function

o
2wt—t2 _ Hy(z)t"
M =)
n=0

valid for all finite z and ¢.
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Theorem

The orthogonality property of H,(x) is

/ Hn(m)Hm(a:)e_x2dx = 2"n!/T6nm,

i.e. the Hermite polynomials are orthogonal on the real line with
respect to the normal distribution.

| A\

Theorem
The three-term recurrence relation for the Hermite polynomials is
given by

Hpt1(z) =2zH,(x) — 2nHp—1(z), n> 1.

The Rodrigues formula for Hermite polynomials
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Laguerre polynomials, named for the French mathematician Edmond
Nicolas Laguerre (1834 - 1886).

The Laguerre polynomials can be represented explicitly by

n

z
n—r

r=0

v

Theorem

Laguerre polynomials are denoted L%(z) and are defined by the
generating function

—xt o)

el-t

= 2 L@
n=0
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Theorem

The Laguerre polynomials are orthogonal on the positive real line with
respect to the gamma distribution, the orthogonality relation for the
Laguerre polynomials is contained in

/ L () Lin(2) e~ dx = dnm,
0

.
Theorem

The Laguerre polynomials satisfy the three term recurrence relation
given by

(n+1)Lpy1(z) = (2n+1—2z)Lp(z) — nLp—_1(z),

The Rodrigues formula for Laguerre polynomials
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Definition

The Jacobi polynomials are defined via the hypergeometric function as
follows

a—+1 1—=z
(n—')nQFl(—n,n‘i‘Oé‘i‘,B‘i‘l,Oé+1, 5 ),

Pr(@) =

where (a),, is Pochhammer’s symbol(a), = a(a + 1)...(a +n — 1)

Theorem

| N\

The Jacobi polynomials can be represented explicitly by

o TDlat+n+1) n<n)F(a+,8+n—l—r+1)<1—az)
P (m)_n!F(a+ﬁ+n+1); T Fa+r+1 2 .

v
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For real x the Jacobi polynomial can alternatively be written as

wo-S(0) (7) )

and for integer n

T'(n+1
( n ) — F(n-i-lgl"(nlr-i-l) r=>0,
0 r < 0.
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Theorem

The Jacobi polynomials satisfy the orthogonality condition
10 =21+ 2)P P3P () PP (z)da

_ 9a+B+1l  T(a+n+1)I'(B+n+1)
 otB+2n+1  nll(a+B+n+1)

Onm, o, > —1.
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The Legendre polynomials are Jacobi polynomials with « = 8 = 0:

1—=x
2

Po(z) = PY%(z) = oFi(—n,n + 1;1; )

The Legendre polynomials satisfy the three term recurrence relation
given by

(2n+ 1)zP,(x) = (n+ 1)Ppy1(z) + nPp—1(x),
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Theorem

Legendre polynomials are the suitably normalized regular solution of
differential equation

(1 —2%)y" () — 22y (z) + n(n+ y(z) = 0

.
Theorem

The orthogonality property of P,(x) is

L 2
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o
Definition

The Chebyshev polynomials of the first kind can be obtained from the
Jacobi polynomials by taking a = 8 = _71

P2’_T£L‘ 11—33
To(@) = ==~ =2Fi(-nn+ 15 ——).
P22 (0)

Theorem

The orthogonality property of T,,(x) is

/_11 (1-— (1;2)Tn(q;)Tm(l.) da { Tum N #0

- T0pm m=0"
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Theorem

The Chebyshev polynomials satisfy the three term recurrence relation
given by

22T (z) = Thy1(x) + T—1(x), To(x) =1, Ti(x) = .

v

Theorem

Chebyshev polynomials is the suitably normalized regular solution of
differential equation

(1 — )y () — 29/ (2) + ny(x) = 0
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Definition
Bessel functions, first defined by the mathematician Bernoulli and then
generalized by Bessel, are canonical solutions of Bessel’s differential
equation

l‘2y” +$y/ + (x2 o n2)y _ 07

for an arbitrary complex number « , the order of the Bessel function.

Theorem

Bessel functions of the first kind of order n denote by J,,(z) and can be
represented explicitly by

N
Jn(x)_gl“(n+r+1)(r!)§ :
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Bessel functions of the first kind are defined by the generating function

e%x(t_%): Z Jn(;p)tn,

n=—oo

Theorem

Orthogonality relation for the first kind Bessel functions is

1
| @) Tn(ea) do = S0 @)V,

if & and &; are roots of equation J,(z).
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The fractional derivative and integral

Definition 1. Caputo’s fractional derivative of order « is defined as

a vy — L t_ (s
(D x)(t)_P(n—a)/O (t—s)a+1—nds’ n—1<a§n,n€§\:,9)

where o > 0 is the order of the derivative and n is the smallest integer
greater than a.
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The fractional derivative and integral

Definition 2. The Riemann-Liouville fractional integral operator of
order « is defined as

F(a) fo txs(sl) ~ds, a >0,

Ia(t) = x(t), a=0.

(80)
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The fractional derivative and integral

For the Riemann-Liouville fractional integral, we have

(v+1) o

Ia 1/:
Y T Twrlta)

. > -l (81)

The Caputo derivative and Riemann-Liouville integral satisfy the
following property

1(D%(t) = a(t) = 3 M(O)%. (82)
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The fractional derivative and integral

Definition 3. The left—sided and right-sided Riemann-Liouville
integrals of order p, when 0 < u < 1, are defined, respectively, as

N6 = s | (xffsiffu, ¢ > o,

and

RL 1u 1 o f(s)ds
E N0 = | G © <

where I' represents the Euler gamma function.
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The fractional derivative and integral

Definition 4. The corresponding inverse operators, the left-sided
and right-sided fractional derivatives of order u, when 0 < p < 1,
are defined as

EDEN) = D) = e | e @ > o,

I'(1—p)de x—s)
and
DL o) = N0 = s [
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The fractional derivative and integral

Definition 3. The corresponding left- and right-sided Caputo
derivatives of order p, when 0 < p < 1, are obtained as

C Ny x:RLl—ﬂﬁx: 1 T f(s)ds >z
0N = e = e [ T2 a >

L

and

C yp ) = (RL 1—u__df ) — 1 ‘R —f'(s)ds < g
€20 = 1w = mres [ <o
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The left- and right-sided fractional derivatives of both Riemann-
Liouville and Caputo type satisfy the following properties :

ELDEN @) - (DN = =t

and
_ f(zR)
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Finally, we recall a useful property of the Riemann-Liouville
fractional derivatives. Assume that 0 < p < 1and 0 < A <1 and

f(zr) =0,2 > xp, then
PEDEA f () = (FEDI)(FEDY) () = (FEDY) (G D) f ().
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Function approximation

Suppose f(x) is a continuous function which can be expanded in
orthogonal polynomials ¢;(x):

flx)=) cigj(z), a<z<b
=0

where the coefficients ¢; are given by

b
cj = h%/a w(z)f(x)p;(z)dz, j=0,1,2,...

and

j=/ w(z){p;(z)}?dr, j=0,1,2,...
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Function approximation

In practice, only the first (N 4 1)-terms orthogonal polynomials
are considered. Hence, f(z) can be expressed in the form

N
fl@) = ¢ioj(x),= C"¢(z), a<wz<b.
=0

where the coefficient vector C' and the vector ¢(z) are given by

CT = [C(), Clynny CN],

¢(x) = [o(2), o1 (2), ... o ()]
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Theorem

Let ¢(z) be shifted Legendre vector on [0, 1] and also suppose o > 0
then
D¥¢(z) ~ DM ¢(z),

where D®*) is the (N 4 1) x (N + 1) operational matrix of derivatives
of order v in the Caputo sense and is defined as follows:
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0 0 0 0
0 0 0 0
V] [v] [v] [v]
> ok 2 ok 2 ok > Nk
k=[v] k=[v] k=[v] k=[v]
DWW — :
7 i % 7
> biok Yo bk > biok > Oing
k=[v k=[v] k=[v k=[v]
N N
> Onok > Onik > Onok > ONNk
k=[v] k=[v k=[v k=[v]
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where

0 = (25 +1) zj: (=)™ )L+ )"
bk (i — k)R (k— v+ 1) — ONP(k+ £ — v+ 1)

Note that in D), the first [v] rows are all zero.
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Fractional neutral delay differential equation with

state-dependent and time-dependent delay

We consider the fractional neutral delay differential equation with
state-dependent and time-dependent delay:

DEX(t) = F(t, X (1), X(7(t) — A (X (1)), D* X (o(t) — A2(X(t)<)8):)))>)

where X(0) = Xo,, 0 <a <1, 0<t<ty, and

X(t) = [za(t), 2a(t), - ()], F(t) =[A®), fa(t), -+ SiB]"

are [-vector functions, F'(t) assumed to be a sufficiently smooth
real valued vector function, A (¢, X (t)), Aq(t, X (¢)), 7(t) and ¢(t)
are assumed to be continuous functions for all ¢ € [0,¢;]. We
assume X (t) = 0 for ¢ < 0.
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Numerical method

In this section, we introduce the new numerical method to solve
the fractional neutral delay differential equation in Eq. (83). For
starting the new numerical method discussion, first, we present
the least-squares approximation using Jacobi polynomials. The
class of Jacobi polynomials, P},? 2 (t), includes all the polynomial
solutions to singular Strum-Lioville problems on (—1,1). These

polynomials satisfy the relation

(o) (2 )

NE

PO =

il
o

where

I(2+1)
(i)-= MG 12 0
0, n < 0.
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Numerical method

These polynomials are orthogonal with respect to the weight
w(t) = (1 —t)*(1+ t)” on the interval [—1,1]. Suppose x(t) and a
vector of base functions

Gty = [P 1), PO, ..., PP )"

are defined on t € (—1,1). For the least squares approximation,
the coefficients cq, c¢1,...,cpy of the sum

25, (1) = )PP () + el PYP @) + -+ e PP (1), (84)

must be determined in such a way that the integral

5= [ @0 - aGora

1

is minimal.
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Numerical method

The function z§,(¢) with these coefficients is called the least
squares fit of x(t) with respect to vector G. The piecewise
least-squares approximation is a powerful method to increase the
accuracy of the approximation.

It is easy to show, by using the properties of Jacobi polynomials
and Eq. (81), we could derive the fractional integral of Jacobi
polynomials. For Example, for v = 8 = 0, we have

g =S (1) (U5 ) el ()

m E+1+a)
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Numerical method

Using Eq. (84), the least squares approximation of D%x;(t) in Eq.
(83) has a general form

D%z,(t) = GT(t)Cl-, (86)
where

GT(t) = [P“‘”(f(t ty)+1), “B)(f(t ty)+1), ...,P“m(f(t ty)+1)),

C;, = [cé, ci, ...,cﬁ'w]T.

Using Eq. (86) we have o
DX (t) = G()C, (87)

where C is a [(M + 1) x 1 vector given by
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é - [Cla 027 o JOZ]T7

and

G(t) =1, ® GT(t),

in which I, is the [ dimensional identity matrix, G(¢) is
[ x I(M + 1) matrix as well, and ® denotes Kronecker product.
Using Eqs. (82) and (87) we get

X(t) = G(t,a)C + X, (88)
where G(t,a) = I, ® GT(t,a) and
GT(t,a) =
1P (1) 4 1), 1P () 1), I PP () 4 1)
f f f
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By replacing Egs. (87) and (88) in (83), we have

G(t)C = F(t,G(t,0)C + X0, G((1(t) — AL (G(t,a)C + X)), 0)C+  (89)
Xo, G(o(t) — Ao (G(t,a)C + X0)C).

We use the collocation method by requiring the residual of the problem i.e.,

R(t,C) = G(t)C — F(t,G(t,a)C + Xo, G((1(t) — A1 (G(t, @) C + Xo)),)C

+X0, G(p(t) — Ax(G(t,a)C + X,)C), (90)
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to vanish on the collocation points which leads to a system of
[(M + 1) nonlinear equations which can be solved for the elements
of C using the well Newton’s iterative method. Finally, we
calculate X (¢) given in Eq. (88). We have used three different
collocation points and compare the accuracy of the method by
using each of them.
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Error bounds

In this section, we give some estimates for the error of the Jacobi
approximation of a function z(¢) in terms of Sobolev norms.

The Sobolev norm of integer order x> 0 in the interval (0,%y), is
given by

b Sy :
|z || a0y = (Z/ va(k)(t)lzw(t)dt> - (Z | 2™ ||%g,> ,
k=00 k=0

(91)
where 2*) denotes the k — th derivative of z and H2(0,;) is a
weighted Sobolev space relative to the weight function w.
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We will also assume that the problem is sufficiently smooth and
that there exist Lipschitz constants, Ly, Lo, L3, L., Lo, La,
and La, for which the following inequalities hold.

[t 22,52, 22) = f(t 21,915 20) 12 0,0,y < L1 122 — 21l 2 (04

(92)
+ Lo ly2 - ?/1||Lgu(o,tf) + L |22 - ZlHL%U(O,tf) )

le(ta) = ()2 o)) < Lo llt2 = tall 2 o (03)
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[D%2(t2) = D*x(t1)ll 2 0,6,y < Lao Itz = tallp2 04, - (94)
[A1(z2) = Av(z1)ll 2 0,6,y < Ly w2 = 21l 12 0,y - (95)
[A2(22) = Ba(@1)ll 12 0.¢,) < Ly 172 = @1ll 12 0,1 - (96)

Sufficient conditions for the existence and uniqueness of solutions for Eq. (83)
are: f is continuous with respect to ¢, z(t), z(7(t) — A1 (z(t))) and

Dex(¢(t) — Ag(x(t))), x(t) is continuous, f satisfies Lipschitz conditions (Eq.
(92)), and f is bounded. Also, we shall make use of the assumption that the

Lipschitz constant L3z be less than 1. To state our main results, we recall the
following theorem.
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Theorem 5: Suppose z € H!(Z) with Z = (0,%;) and p > 0, and
1S () be the least squares approximation of x(t), then

|l = 25 2y S M ||x('u)||LEU(I)’ (97)
and for 1 <r < p,

¢
|l = 3]

Hi(T) = M ||a: M)”LgJ(I) ’ (98)

where ¢ depends on .
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Remark : Here, we expand D®z as Jacobi polynomials and from
Eqgs. (86) and (97) for M >y — 1 we have
| D%z — (D)5 |2 @< eM || (D2)® 122, (99)

now by using Eq (82) and inequality (99) we obtain the error
estimate z — z§, for x € H*(Z) as

|W—$%an
= |[1*Dx — I*(D*x)§ | 2,y = I1T*(D*x — (D*2)§))|| 2,z

< 1% D% — (D°%)§; || 12, < CM~* || (D*2) ™ || 12 (7),
(100)
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and for 1 <r < p,

2 = @il gy ) < M2 /(D)) g (101)

where C' depends on p and «.

Now, we establish sufficient conditions for convergence of the
method that is based on our approach. In order to establish our
convergence results, we assume that the solution is sufficiently
smooth except perhaps for a finite number of points. We also
assume that the function f(t, z(t), y(t), z(t)) is sufficiently smooth
except for the points where z(t), y(t) or z(t) is not smooth.
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Throughout this section, we shall use these inequalities

ly(r(t) — (y(t))) a(r(t) - (fv(t)))HLz @ =
ly(r () — As(y(1))) — 2(r () — Aa ()2 (z) + Lo L, (8 = 2Ol 2 2, -
(102)
for the delay term associated with Eq. (83) where the functions z and A; are
assumed to satisfy the Lipschitz conditions (Eqgs. (93) and (95)). These
inequalities follow by applying the triangle inequality and the Lipschitz
conditions, and

[1D%y((t) — (y(t))) ( (t) = ( ODl 2 ()
1Dy (o(t) — (y(t))) “2(6(t) — Ao (WOl 2 ) -+ LzaLAz ly(t) — =)l
(103)
for the derivative delay term associated with Eq. (83) where the functions
D%z and A, are assumed to satisfy the Lipschitz conditions (Egs. (94) and

(96)).
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Theorem 6: Let z(t) be the exact solution of Eq. (83) and w(t)
be the best approximation of z(t) based on the Jacobi
polynomilas. If x € H(Z) then for > 0, we can write

lo(t) = w(®)ll g @) < St M |2 1, (104)

for 1 <r < p we have,

L T*lf [e%
||x(t) — u(t)”H{L(I) < Cl——L?,MQ 2 MHQ:( +u)||L12“(I), (105)
provided that M is sufficiently large, f, x, D%, A; and A,
satisfy the Lipschitz conditions (Egs. (92)-(96)) with L3 < 1, and
( is a constant independent of N.
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Proof. Subtracting (89) from (83), integrating, and taking a norm of both
sides, we obtain

|2(t) — U(t)”L%U(I) <
Ie|| f(s,2(s), 2(7(s) — Ar(2(s))), D*z(d(s) — Az (x(s))))—

o . . (106)
where D%u(t) = G(¢)C and u(t) = G(¢,a)C + Xp.
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Let Let W(t) = ||lz(t) — u(t)|l 12 (1), Y(t) = max V¥(s), and
w 0<s<t
X(0) = goax, 1D7a(s) = D*u(s) g 0
Substituting ¥, T and x into the above inequality and using (102)-(103) we
have

V(1) <
I[L1Y(s) + Lo [lz(7(s) — A1 (u(s))) — U(T(S) A (u(s))lly + LoLyLa, Y(s)
L3 [[D*2(¢(s) — Az(u(s))) — Du(g(s) — Az(u(s)))lly + LaLzeLa, Y(s)] <
I“[(Ly + Ly + LoLyLa, + L3Lya La,)Y(s) + Lax(s)).

(107)
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Subtracting (89) from (83) and using (102)-(103) yields

[1D%x(t) = D*u(t) 12 () =
[f(t, z(t),z(r(t) — Ar(x(t))), D*2((t) — ( ()
—f(t,u(t),u(r(t) — Ar(u(t))), Du(p(t) — Az(u (t))))HLZ )
< LiY(#) + La [lz(r(t) — Ar(u(?))) — uw(r(t) — A (u(t )))HL?U(I)
F+LoLoLa, Y(t) 4+ L [| Dz ((t) — Az (u(t))) — D¥u(e(t) — Aa(u(®)))ll 2 1)
+L3LxaLa,Y(t) < (Ly+ Lo+ LoLy LA, + L3LyaLa,) Y(t) + Lax(2).

(108)

)
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Then, from (108), we find
X(t) < (L1 + L2 + LQLELAl + LngaLAz) T(t) + L3X(t) (109)

As 0 < L3 < 1, inequality (109) becomes

byt Lot Loloba, + L3anLA2) T(t) (110)

x(t) < ( L,
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Letting L = Ly + Ly + LoL,La, + L3Lya L, substituting (110)
into (107), using (81) and (99) leads to

¥(t) = llolt) ~ ullz < I° (LY + () 7))

= L 10 (s) < O Mov|| X e[
(111)
for 1 <r < p we have,
t <o-L i L M2=3=n||pletm 112
o) = w®llyr) < O 7= |2 gy (112)
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Accuracy of the numerical method

In this section, to demonstrate the applicability and accuracy of
the present method we consider Eq. (83).To vanish the residual of
the problem in Eq. (90), we consider three different collocation
points: Equidistant points, Zero of the Legendre polynomials, and
Extreme points of the Chebyshev polynomial. Using these
collocation points, first, we calculate the error of the present
method for o = 1. Then we use the collocation point that has
fewer errors for & = 1 to solve the problem for o« £ 1. We use the
least-squares approximation and evaluate the absolute maximum
error as |x;(t) — z;§,(t)|. Also, we use the piecewise least-squares
approximation in some cases to increase the accuracy.
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Accuracy of the numerical method

Example: Consider a 3—dimensional time-dependent delay system

D%z (t) = D*xa(/sin(t)) + x3(y/sin(t)) + 2t Dx3(t?),
Dxy(t) = =21 (V1) + m9(e72) 4 23(t) — Dw3(e™),
D%x3(t) = zo(t) + tDYxo(t — sin(t)) + tzs(t — sin(t)),

that x;(t) = 0, for i = 1, 3 and z;(t) = 0, for i = 2 and has the
exact solution ,z1(t) = sin(t?), xo(t) = cos(t), wx3(t) = sin(t).
Table 1 shows the absolute error for three different choices of
collocation points with M =7, a = 1. We use the extreme points
of the Chebyshev polynomial as the collocation point to solve the
example for av # 1. In Table 2, we used the piecewise least-squares
approximation with four subintervals and M = 7.
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Accuracy of the numerical method

Equidistant ~ Zero of the Extreme points of
points Legendre the Chebyshev
x1(t) | 7.0 x 107° 3.5x 1077 5.0x10°7

za(t) | 35x1076  4.0x107% 1.0x 1077

x3(t) [ 6.0x 1076  25x107% 6.0 x 1078

Table: Absolute error with the different choices of collocation points
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Accuracy of the numerical method

Method x1(t) x9(t) x3(t)
Multi-quadric approximation | 2 x 1077 2 x 107 4 x 10~

Present method with M =7 | 4x 10712 7x10~1 6x 10713

Table: Absolute error for Case 1 by using the present method and
Multi—quadric approximation.
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