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Rings Revisited

1. Rings Revisted
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Rings Revisited

Definition (Commutative ring with 1)

A with 1 is a non-empty set R with a
@ Addition +: R x R — R and a
@ Multiplication x: Rx R - R
such that
@ R with + is a commutative group,
@ x is associative and commutative,
@ there is a neutral element 1 for the multiplication,

@ a(b+c)=ab+ ac forall a,b,c € R,
—————————————————————————————
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Rings Revisited

@ 7Z, Q, R, C are rings with the usual addition and multiplication

Example (Polynomial ring)

For a ring R is R|x] the with coefficients in R
in the indeterminate x.

o f=51" ax,g=>"4bix" (assume n < m).

f:g(:)a,-:b,-,i:O ..... nandb,-:

forn<i < m.

deg(f) = max{i| a;# 0}

is called of f.
———————————————————————————————————————
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Rings Revisited

Example (Polynomial ring)

@ an f € R|x] or f(x) € R[x] has a representation as
f=ag+aix+---+ a,x" for some n > 0.

@ the representation is not unique.

e if we demand that a, # 0 then the representation becomes
unique for f # 0.
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Rings Revisited

Definition (Field)
A commutative ring R with 1 is called a
element has a multiplicative inverse.

if every non-zero

@ a commutative ring with 1 is a field if and only if R\ {0} is a
commutative group.

e examples of fields Q, R, C, Fy,...
@ 7 ist not a field, R[x] is not a field.

e we will usually K to denote a field
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Polynomial Ring over a Field

2. Polynomial Ring over a Fiela
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Polynomial Ring over a Field

Let f,g € K|x] then
o deg(f + g) < max{deg(f), deg(g)}.
@ deg(f - g) =deg(f)+deg(g).
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Polynomial Ring over a Field

Theorem (Division with remainder)

Let f, g € Kix] and g # 0. Then there are polynomials q, r € K|x]
such that f = g - g+ r and deg(r) < deg(g).

@ deg(f) < deg(g): thenset g=0and r =f.
@ n=deg(f) > m=deg(g):

n m
f:Za;Xi, g::Zb,x’
i=0 i=0

We prove the assertion by induction on n — m.
n=m
Set g = 4% and r = f — g 2 then

m

f =gqg-+ r and deg(r) < deg(g).
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Polynomial Ring over a Field

n>m

n—m dn n—m

Set q1 = 7% x and n =f — 7~ x
m m

Then

o

f=gq+n and n; =deg(n) < deg(f).

If deg(r1) < deg(g) then we are done othwise 0 < nf —m < n—m.
By induction hypothesis we have g»> and r» such that

rn=gaq+ r and deg(rn) < deg(g) = m.

—f=gq+n
=8qL T84+ N
=gl +q)+nr

For g = g1 + g2 and r = r» we are done. 1}
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Polynomial Ring over a Field

f=2x*+x3+2x>+1and g = x> +2x+ 1.
2x* 4+ x3 4 2x2 +1=(x>+2x+1) (2x* —=3x+6) —9x—5
— 2x* —4x3 — 2x?
— 3x3
3x3 + 6x% + 3x
6x> +3x+1
—6x° —12x —6
—O9x —5
g =2x°>—3x+6and r = —9x — 5.
4

In the polynomial division f = g g+ r with deg(r) < deg(g) we call
r the or
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Polynomial Ring over a Field

Definition

Let f, g € K[x] and g £ 0. We say that g f if there is a
polynomial g € K[x] with gg =f. We write g| f.

Let f, g € K[x], f,g # 0. We say that h is the
of f and g if

@ hl|f, hlg and
@ if for some h’ € K[x] we have h’|f and h’|g then h’|h
We write gcd(f, g) for the greatest common divisior of f and g.

y
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Polynomial Ring over a Field

Definition (Euclidian Algorithm)

Let f, g € K[x] and g # 0.
@ Setbgp=f,b1=g,i=1

(A) Division with remainder b; 1 = bj q; + r;

@ b1 =r.

@ Seti=i+1

o if bj = ri_1 # 0 then goto (A)
)

@ Return b;_q

—
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Polynomial Ring over a Field

Equivalent formulation:

f=by=bigqgi+n=gq1+n
by =byqx+rn=nqg+n
by =b3gq3+1r3=rqz+ r3

bi_>=0>bj_1qi—1+ri—1=ri_2qi—1+ri—1
bi—1=0biqi+0=10b;q; +0

bi = gcd(f, g).
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Polynomial Ring over a Field

For two polynomials f, g € K(x], f, g # 0 the Euclidian algorithm
computes ged(f, g).

First we show that the algorithm terminates.
We know that:

© by =g

@ deg(b;) > deg(r;), i > 1

o deg(bj) =ri1,i>2
From that it follows that

deg(g) = deg(b1) > deg(r1) > deg(rz) > --- .

Since deg takes values in N U{oco} we must have r; = 0 for some 1. []
y
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Polynomial Ring over a Field

Assume the Euclidian algorithm returns b;.
We prove by induction on j from j =/ to 1 that for bg = f, by = g:

bi = ged(bj, bj—1)
For i =1: b;j = gcd(by, bg) = ged(g, f)
J =1
® bj_1 = biqi = bilbj_1, b;
o hlbj_1, hlbi = hlb;
= b; = gcd(b;, bi_1) -
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Polynomial Ring over a Field

> =2
By induction assumption: b; = ged(b;, bj—1).

bj—>=0bj_1qj—1+ri—1 =bj_1q;—1 + b;

@ b = ng(bj, bj_l) —= bi|bj—2-
Qo h|bj_2, h|bj_1 - h|bj - h|ng(bj, bj_l) = b;
= bj = ng(bj_z, bj—l)- []
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Polynomial Ring over a Field

f=(x—1(x—1)(*+1)and g = (x —1)(x + 1)(x + 1)

x4t —2x3 4+ 2x%2 —2x+1= (X3—|—X2—X—1) : (X—3)—|—(6X2—4X—2)
X34+ x2—x—1= (6X2—4X—2) : (%X—I— %)—I—(gx—ﬁ)

6x° —4x — 2 = (gx—ﬂ) : (%X—I—%) +0

ged(f, g) = g(x— 1).

9

9

For f,g € K[x], f,g # 0, we have that gcd(f, g) exists and is
unique up to multiplication with a € K\ {0}. In addtion there are
u, v € Kix|] such that gcd(f,g) =uf +vg.

Follows directly from the Euclidian algorithm. []
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Polynomial Ring over a Field

Let f € K[x] then f has a multiplicative inverse if and only if f = a
for some a € K\ {0}.

If ac K\ {0} then a ! € K thus aa—! =1 and a has a
multiplicative inverse in K[x].
Let g be a multiplicative inverse of f:

=1=fg
= 0 =deg(1) = deg(fg) = deg(f) + deg(g).

deg(f),deg(g) € NU{—o0} = deg(f),deg(g) =0 = f = a for
some a € K\ {0}. ]

y
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Polynomial Ring over a Field

Let f € K[x] and deg(f) > 1. Then we say f is it g|f
implies that g=af for some a € K\ {0} or g = a for some
a e K\ {0}

—

@ x — b is irreducible for all b
@ deg(f) =1 = f irreducible.
@ x°+ 1 is irreducible in R[x] but not in C[x]

@ f irreducible = af irreducible for any a € K \ {0}
—
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Polynomial Ring over a Field

Every polynomial f € K[x] of degree deg(f) > 1 is a product of
irreducible polynomials.

Induction of deg(f).
deg(f) =1
= f is irreducible = assertion

deg(f) > 1
Case: f is irreducible
Then the assertion is trivial.

Case: f is not irreducible
Then there is g such that g|f and g # a, af for some a € K \ {0}
= f = g h for a polynomial h with deg(h) > 1 —

deg(g), deg(h) < deg(f) (e, g and h are products of

irreducible polynomials = assertion. ] "
y




Polynomial Ring over a Field

Let g be an irreducible polynomial and hq, . . ., hs polynomials such
that glhy - - - hs then gl|h; for some 1 < i < s.

Induction of s:

s=1,2.
s = 1: the assertion is trivial.
s = 2: g|h1h2.
If g|hy were are done.

i ibl . .
If g fhy £ rreducble, 1 = gcd(g, h1) = exist polynomials v and v
suchthat l=ug+vh = hh=(ug+vhi)hh=ughy+vhih
glh1ho
g|h2. []

y

23/1



Polynomial Ring over a Field

s > 2.
glhy---hs = (hy--- hs—_1)hs inductionbase,, glhy---hs—1 or glhs
MO, g|h; for some 1 </ < s. []

I ——————————

Let f € K[x] be of degreedeg(f) > 1. Iff =g1---g- = h1--- hs
for irreducible polynomials gy, . . ., g- and hy, ..., hs then r = s and
after renumbering we have g; = a;h; for some a; € K\ {0},
I=1,...,r=s. )
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Polynomial Ring over a Field

g, irreducible

f=g1---g =h1---hs = gelh1--- hs > there is i such

h; irreducible

that g,|h; > h; = a;g, for some a; € K \ {0}.

Without restriction of generality : / = s.
It follows that g1---g-—1 = ashy--- hs_1

Since ash;g is irreducible we get by induction on max{r, s} that
r =s and g; = a;h; for some a; e K\{0}and i=1,...,r. ]
———————————————————————————————————————
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Polynomial Ring over a Field

Generalization:

Definition

For variables/indeterminates xi, . .., x, we call x;* -+ - x5 for

x1,...,x, € N a

Xn
n -

@ « is the of x*

For o« = (otg, -+, o) € N™ we write x* for x;* - - x

@ for x € N" we set || = o1 + - - - + o, which is the degree
deg(x%) of x*. We also set deg(0) = —c0.
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Polynomial Ring over a Field
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Polynomial Ring over a Field

Klx1, ..., xn] is the K-vectorspace with basis {x* | « € N"}.

We call f e Klxq, ..., x5 or f(x1,....xn) € Klxg,...,x,] a

As a consequence we can write every f € K[xq, ..., x,] uniquely as
f — § C(x ¢ K(x
o eN"

for c, € K and all but finitely many ¢4 are 0. The latter is
equivalent to

‘{ocl o ;AO}‘ < .
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Polynomial Ring over a Field

The polynomial ring K|x1, ..., xn] with the vectorspace addition
and the multiplication

(5 ) ()= X (X ach)e

xeN”" xeN”" x&cN”" B.B'eNn

is a (commutative) ring with 1.

Either verifying all axioms or checking that

Kixt, ..., xnl = (- (Klxa]) [x2]) - - - ) [xal.
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Polynomial Ring over a Field

Let f = ) ey Cax® € Kixg, ..., Xpn]. Then

deg(f) = max { deg(x®) | cy # o}.

is called the of f.
—————————————————————————————————————————————————————————

We adopt the convention max () = —co.
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Polynomial Ring over a Field

We will provide a simple proof of the following fact later:

For f,g € Klxq,..., X, we have

For f € K|xq, ...,
a € K\ {0}

Same proof as for K|x]. H
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Polynomial Ring over a Field

Generalize division with remainder to K|xy

Obvious analog does not work !

f=x1,8 =x € Klxg, xo]

deg(f) = deg(g) =1
Assume: f = gq + r for some r with deg(r) < deg(g) =1
Thus x1 =xo g+ r for r e K

Evaluating at x» = 0 one gets x; = r(x1,0) contradicting

deg(r) <1
——————————————————————————————————————
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ldeals

3. ldeals
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ldeals

A subset | of a (commutative) ring R is called an if

@ / with the addition + is an abelian group.

@ for any s € | and any r € R we have that rs € /.
———————————————————————————————————————————————————

@ {0} is an ideal
@ R is an ideal.
o {f ¢ Klxq,..., xnl | (O, ..., 0) = 0} is an ideal.
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ldeals

Let R be a (commutative) ring with 1.
An ideal | of R with the addition and multiplication inherited from

R is a ring with 1 if and only if | = R.
————————————————————————————————————

| =R = | is aring with 1.

[ringwithl=1€/=fors=1andre Rwehaver=rl1 €
= | = R. []

y

Note: If rings are not required to have a 1 then ideals are rings.
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ldeals

Let | be an ideal in the ring R. Then | = R if and only if | contains
an (multiplicatively) invertible element.

| =R = 1¢& [ = | contains an invertible element.

a € | invertible = the for any r € R we have r = (ra t)ae | =
| = R. ]

S —

@ The invertible elements of K[x] are the constant polynomials
f=aecK\{0}.

@ The invertible elements of K[xq, ..., X,] are the constant
polynomials f = a € K\ {0}.
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ldeals

For any subset A of a ring R the set
{I|ACI,I isan ideal}

has a unique inclusionwise minimal element.

Let J be the intersection of all / from the set

A={l|ACI, I isan ideal }.

@ As an intersection of ideals J is an ideal (see following
transparency, not covered in class).

@ Since all ideals in the intersection contain A, so does J.

It follows that J is in the set A and must be its unique minimal
P RS 1
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Let A be a set of ideals in the ring R. Then (),c4 | is an ideal in R. \

@ Each I € A is an abelian subgroup of the additive group
(R,+). = Jis an abelian subgroup of (R, +).

@ Letr € R.
selJ=seclforalll eA=rsclforalll e A= rse J.

[]

y
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@ For a subset A C R for a ring R we write (A) for the

inclusionwise smallest ideal containing A. The ideal (A) is
called the by Aand A a for 1.

o If A={f, ..., f.} we write (f1, ..., f.) for (A).

Note: For an ideal / even inclusionwise minimal A with / = (A) can
have different cardinalities.

o R=7,1=(4,6) =(2)
° R=RIx], I =((x—1)% (x = 1)(x—2)) = ((x — 1))
o () ={0}
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ldeals

Qo ”;2”
f1,..., f,e(f,--- )= gh+ -+gf €(f,..., f,) for all
g1, -, gr € R
Qo ”g;”
One proves J = {glfl +---+gf g ..., g € R} is an ideal.
= Jis an ideal with f1, ..., fred=(f,..., f,) C J. N
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ldeals in Polynomial Rings

4. |deals in Polynomial Rings
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ldeals in Polynomial Rings

Goal: Standardize generating sets of ideals in K[xq, ..., x,] using
Grobner bases.

From Linear Algebra and the section about polynomial rings one
already knows some tools to standardize generating sets of ideals.

@ l|deals in K|x]

@ linear polynomials in K[xy, ..., x,] (later)
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ldeals in Polynomial Rings

Let | be an ideal in K[x]| then | = (f) for some f € [.

Case: | ={0} then | = (0).
Case: | #{0}
Let f € 1\ {0} be a polynomial such that

deg(f) = min{deg(g) | g € / \{0}}.

Assume: | # (f)
Since clearly (f) C | the assumption implies that there is g € I\ (f).
Division with remainder:

g ="fqg+r, deg(r) < deg(f)

deg(f) minimal

g.fel=g—fg=rel >r=0.=>g=1fqge(f)a

contradiction.




ldeals in Polynomial Rings

@ Inideal / in a ring R such that / = (f) for some f € R is
called a

@ An integral domain R such that all ideals are principal is called
a or

@ Any integral domain with a "division with remainder” is a PID.
Integral domains with "division with remainder” are called
Euclidian rings.

o 7 and K|x]

@ In PIDs every element has a "unique” factorization into
irreducible elements. Ring with "unique” factorization in
irreducible elements are called
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ldeals in Polynomial Rings

o Klxq,..., x,] for n > 2 is not a PID.

(x1, x2) is not a principal ideal in K[xq, xo].

Assume: (x1,x2) is a principal ideal.

= there is f € Kixq, xo] with (f) = (x1, x0) =

X1, X € (f) = {fg | g € K[X]_,XQ]} = exist g1, &2 € Kix1, xo] with
X1 = fgl and X = fgz

Evaluating at x; = 0:

= 0=1(0,x) - g1(0,x2) = f(0, x2) or g1(0, x2) is the

>=fg>
0- polynomlal N K[XQ] = f = X1f1 or g1 = X1811 X:> g1 = X1811

a invertible
> ()

= f = a for some a € K\ {0} = = K[x1, xo] =

contradiction.
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Monomial ldeals

5. Monomial Ideals
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Monomial ldeals

o Problem 1
Given I = (f,...,fx) and f € K[x1,...,xp]. Then to
determine whether f € [ is called an "ldeal Membership
Problem”.

@ Problem 2
if felfindu,...uestf=ufi+- - ucf, where
/:<f1,...,fk> and uy,...,ux € Klx1,...,xnl.

o Problem 3
Is =J7

We will answer to these Questions!
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Monomial ldeals

Definition
An ideal / in Kxq, ..., Xp) is called a if | = (A) for
a set A of monomials.

o ( (@) is a monomial ideal

o (1) =KIxq,..., X, is a monomial ideal

@ (x1,...,xp) is a monomial ideal in K[xq, ..., xn]
° (x13x22,x12x23) is a monomial ideal in K[xq, xo]
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Monomial ldeals

We say that g € K[xy,...,xnl, g #0 f eKixg, ..., xpl if
there is a polynomial g € K[xq, ..., xn) with g g = f. We write
glf.

V.

o= (x1,....%n), B=(PB1,....Pn) €N". Then

xX*IxP & o <P 1<i<n

o
° H<:H

— o >0,1<i<n= xP%is a monomial = x*xP—* = xP
BI 1 = 1 X N EAS EAE A A
= x*|xP O

v
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Monomial ldeals

o ,’i,’
x¥[xP = x* g = xP for some g = Y cyn cyx"
= xP = ZVEN” Cyx*TY

= B = o +y for somey € N”

=o <Pi,i=1...,n ]
Definition

For « = (a1, ..., ), B = (B1,...,PBn) we write o« < B if o; < B,
i=1,...,n.
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Monomial ldeals
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Monomial ldeals

Theorem (Dickson's Lemma)

Let M be a non-empty set of monomials in S. Then w.r.t partial
order given by divisibility, the set M has only a finite number of
minimal elements..

Let M C S = Klxy,...,xs We will prove this lemma by induction
on n, the number of variables of S.
]

v
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Monomial ldeals

= M C S = K[Xl]
If n =1 then M consists of certain powers of x1, and the set of
minimal elements of M is the set of {x{'} where a is the smallest
number s.t x{ € M = M has finite number of minimal

elements. O
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Monomial ldeals

Let the result holds for n — 1.
Define set :

N={x€Klxi,...,xu1]:xx? € M, d >0}
By induction hypothesis, the set N™" of minimal elements of N is
finite.
Say N™n ={x€, ..., x}
For each x¢3 a; > 0 st.
xXixiie M ,i=12,..., r

Let a = max{ay, ..., ar} & for each b with 0 < b < a let,

Ny = {LQG Klx, ..., Xp—1] 2§£X,t,7 S M}

Lhoy 124



Monomial ldeals

Again by induction hypothesis, N{)“i“ is a finite set.

We denote the set of monomials xSx2 with

x¢ € N'" by Nnxb and

we claim that M™" C {xSxa1, . xx2}JI_5 Njinxb

since the R.H.S of this inclusion is a finite set, the assertion of the
theorem follows from this claim.

Proof of claim:- Let u = gcxg be a monomial in M. If d > a then
some monomial in {xiclxﬁr, e ,ic’xr} divides u

If 0 < d < a then u is divisible by a monomial in N""x? as
desired. ]
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Monomial ldeals

Let | be a monomial ideal in K[xq, ..., x,] then there is a finite set
A={my,..., m,} of monomials such that | = (A).
This set is the inclusionwise smallest set of monomials generating |.
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Monomial ldeals

Let | = (mq, ..., m,) be a monomial ideal in K[x, ..., Xn) and
f=73 genn Cax* € Klxy, ..., xpl.

fels forall x, cy # 0 there is mj : mj[x™.

o =
f € | = there are polynomials

gi=2 o
YEN”

such that f = mygy + -+ m.g,
every monomial in m;g;j is divisible by m;. O

v
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Monomial ldeals

=
For every oc with mj[x* we have x* € (my,...,m;) =
fe(m,...,m). O
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6. Term Orders
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Term orders

Definition

A linear order < on the set of monomials {x* | « € N"} is called
or if

1 < x* for all « € N

x* < xP = x*Y < xBxY for all y € N".

For n =1:
Define

xP <xP e a<h.

This is a term order for n = 1.
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Term orders

Example (Lexicographic order)
For o« = (o¢1,...,%,),B = (B1,....Pn) € N” we set

.OCj:Bj,jZI,...,I'—l

x* < xP if and only if exists 1 < i < n
- Y S o < P

The order < is called the lexicographic (lex) order.

V

The lexicographic order is a term order.

Example (n = 2)

1-<X2-<X22-<X§”--<X1-<X1X2-<"'-<X12-<
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Term orders

Example (Degree Lexicographic order)

x* < xP if and only if

deg(x*) < deg(xP) or
deg(x*) = deg(xP) exists 1 < i< n: 9 R=L

The order < is called the degree lexicographic (deg lex) order.

The degree lexicographic order is a term order.

Example (n = 2)

1<x =< X1 < X3 < x1X0 < X2 < X3 < x1X5 < XZxp < -+ |




Term orders

Example (Degree Reverse Lexicographic order)

For « = (&1, ...,0,), = (B1,...,Bn) € N” we set

x* < xP if and only if

deg(x*) < deg(xP) or

deg(x*) = deg(xP) exists 1 < i< n: M=Bi=iFleun

The order < is called the degree reverse lexicographic (deg rev lex) order.

v

The degree reverse lexicographic order is a term order.

Example (n = 3)

@ x1x3 < xZxpx3 in deg lex.

3 2 .
@ X1X X xox3 in deg rev lex.
1X5 > X{X2X3 g 19124




Let &, 3 € N" and < a term order. If x*|xP then x* < xP.

X
x* < xP. =
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Term orders

Let < be a term order on the monomials x*, o« € N". Then < is a
well ordering, i.e. there is not infinite descending chain

A\,

Assumption: There is an infinite descending chain

XX = x%2 - X3

Dickson's Lemma
Consider the monomial ideal | = (x*,x%*2,...).

exist j1,...,Jr: | = (x%1,... x%) = for all i > 1 there is
Lemma

1<i<r: xo‘JEIX“':>fora||/ >1thereisl1 <e<r:

x%e < x% = for j = max{j, ..., } thereis 1 <€ < r with

x%e < x%+1 = contradiction and the claim follows. O
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Term orders

Definition

Let f =) jenn Cax™ € Kixy, ..., xn] and < a term order.

If £ £ 0 then we set
o Im<(f) = max<{x* | cx # 0} is called the
of f (with respect to <).
@ le<(f) = ¢y for x* =1m<(f) is called the
of f (with respect to <).

If f =0 then we set Im<(f) =lc<(f) =0.

Note: This setting is for technical reasons. 0 is not a monomial.
If Im<(0) = 0 appears then it is read as 0 < m for any monomial
including 1.
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Term orders

f = 2x2xax3 + 3x155 — 253 € Qlxq, X2, X3]
o < = lex then Im<(f) = x3, le<(f) = -2

o < =deg lex then Im<(f) = x?xox3, le<(f) =2

o < =deg rev lex then Im<(f) = x153, le<(f) =3
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Division Algorithm

7. Division Algorithm
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Division Algorithm

Definition

fog,heKx,..., xp) and g #0. We say f to h modulo g
if and only if Im<(g) divides a monomial x* with
nonzero coefficient ¢, from f and

Cax*

f e =@

We then write f £ h.

.

f,g,heKxl, g#0, deg(f) > deg(g), < deg lex order
f=ao+ --+anx{,an#0, g=bo+ -+ bmx{", bm # 0.
n=m= Im<(g) =x"|x" =Im<(f)

(f).

for g = ;75

Hence f = gg + h is not yet division with remainder !!!
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Division Algorithm

f.g € Klxil, g #0, deg(f) > deg(g), < deg lex order
We have seen that there are hq, ..., hs such that

such that

deg(f) > deg(h1) > --- > deg(hs)

or equivalently

lmj(f) ~ lmj(hl) 7= o000 = lmj(hs)

Continue until deg(hs) < deg(g) then for r = hs and suitable g:

f=gqg+r

is division with remainder. 26/124



Division Algorithm

f = xfxz + 4dx1x0 — 3x22, g =2x1+x + 1€ Qlxy, x]

<= deg lex
1 7
=N —§X1X2 aF §X1X2 3x5
1 7 11
5, xg’ + =x1x2 —x22
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Division Algorithm

Definition
Let f, h, f1, ..., fs be polynomials in K[x, ..., x,] with f; # 0,
1<i<s. Set F={fi,..., fs}. We say f reduces to h modulo F,

denoted as -

f—4h
if and only if there exists a sequence of indices iy,...,i, €{1,...,s}
and a sequence of polynomials hy, ..., hi—1 € Kixq, ..., Xp) such
that

7 ; fiy_ fi
f=h = hy = h3- — hyq - h.
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Division Algorithm

fi = x1x2 —x1, fr = x¢ — x2 € Qlxq, x2]
F={f, K}, f =xix.

<= deg lex

since
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Division Algorithm

Definition
We call a polynomial r reduced modulo a set F ={f,..., f} of
non-zero polynomials fi, ..., s e Klx,..., xn] if and only if either

r = 0 or there is no monomial with non-zero coefficient in r which
is divisible by one of Im<(f;), i=1,..., s.

.

Definition

If f £>+ r and r is reduced modulo F then we call r the remainder
of f with respect to F.

.
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Division Algorithm

Data: f,f,...,fs € Kixy,...,x,] with ;#0,i=1,...,s
Result: uq, ..., us, rsuch that f = w1 +---+usfs+randr

reduced modulo {f1, ..., fs}

u:=0; up:=0,-+, us:=0, r:=0, h:="f.
while h # 0 do
if exists i such that lIm<(f;) divides Im<(h) then

end

else

end

choose i minimal such that Im<(f;) divides Im<(h)

R lcj(h)lmj(h)
U e (F)lm< (F)
- lcj(h)lmj(h) -
h = (s (F)
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Division Algorithm

f= X12X2 + 4x1x0 — 3x22, fi=2x1+x +1¢eQlxg, x] <= dex lex
o Initialization: u1 =0,r:=0, h:= x12x2 + 4x1x0 — 3x22

@ First pass through while loop

x; = lm<(f) divides Im<(h) = xZxo

2
X7 X;
Uy =y + 22
2X1
1
= —X1X
X1X2
2
hi=h—22f
2X1

1 7
= 7*X1X22 + —x1x — 3

2 2

2
X2

v
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Division Algorithm

h 1x1x22+%x1x2—3x22, hA=2xq+x+1, 1 :%x1x2, r=20

)
@ Second pass through while loop

X1 = lmj(fl) divides lmj(h) = X1X22

1, .2
— 5 X1 X
up=up + —2—= 12
2X1
1 1
= —X1Xp — —X:
2717 T g2
1, .2
— > X1 X
hi=h——2""2f
2x1
1 7 11
_sz +§X1X27?X2
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Division Algorithm

3,7 1.2 ¢ _ _ 1 1.2
X5+ axixe— x5, i =2x1+x2+ 1, 11 = 5xx — 7%,

@ Third pass through while loop
x1 = lm<(f;) does not divide Im<(h) = 5%

+13
r.=r — X
42
1 3
_ZX2

1
h:h—zg

7 11
= —X1Xp — — X
g 12T 2 |
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Division Algorithm

h= 2x1x2 x2, h=2x1+x+1, u = 2x1x2 1x22, 7= %xg
@ Fourth pass through while loop

X1 = lmj(fl) divides lmj(h) = X1X2

7
5 X1X2

uy = uy +
2X1

1 1 7

i _ 2.2
—2X1X2 42+4X2

7
5X1X2

fi

™ = =
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Division Algorithm

9.2 7 _ _1 1.2, 7
h:1_§3X2_ZX2' fi=2x+x+1 u=35x1x— x5+ 7%,

@ Fifths pass through while loop

x1 = lm<(f;) does not divide Im<(h) = x5

v
36/124




Division Algorithm

h——*X2 A=2x1+x+1, u1 = 1X1X2—%X22+%X2,

@ Sixth pass through while loop

x1 =lm<(f;) does not divide Im<(h) = x»

r r—l—( ! )
= — —X
42

1 9 7
= ZX23 §X22 ZXQ
7
hi=h= (= 3e)
=0
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Division Algorithm

Given a set of non-zero polynomials F ={fy, ..., fs} and f in
Kx, ..., xn] the division algorithm produces polynomials
ui, ..., us €Klxy, ..., x, such that

f=wmh+ - -+usfs+r
and r is reduced with respect of F and
Im(F) = max< {Im (u)lm(£), i = 1, 5, Im(r)}.

It holds that
f —>+ r.
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Division Algorithm

@ The division algorithm terminates

In each pass through the while loop either

or

decrease Im<(h).

No infinite descending <-chains = algorithm terminates. O
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Division Algorithm

o f=uwhf+ - +ufs+r
Show by induction that in each step the equation
f=h+uwuf+ -+ usfs + r is preserved.

> Induction Base: h=f, uy, ..., us,r =0.

Then f =h+wfi+---+usfs+r O
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Division Algorithm

> Induction Step: f = h+ u1fi + - - - + usfs + r holds before the
the next iteration of while loop.

Case : "If" first part:

lcj(h)lmj(h)
4iti = it (Fim<(F)
le<(h)lm< (h)
h— h— =2 of
T o< (F)Im<(f)

Thus h + u;f; remains constant during the pass through while loop.
Hence f = h+ u1fi + - - - + usfs + r after the loop. O
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Division Algorithm

Case : "If" second ("Else”) part:

r — r+lc<(h)lm<(h)
h— h—le<(h)lm<(h)

Thus h + r remains constant during the pass through while loop.

Hence f = h+ u1fi + - - + usfs + r after the loop. O

V.
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Division Algorithm

o lm<(f) = man{lmj(u;)lmj(ﬁ), i=1,..., s,lmj(r)}

Show that in each step the equations the following is preserved:

Im<(f) = maxj{lm<(h),lm<(u,-)lm<(f,-), i=1,..., s, lmj(r)}

F
o f —,r.

By construction. O
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Grobner Bases

8. Grobner Bases

44 /124



Grobner Bases

Definition
Let / be an ideal in K[xq, ..., Xp) and < a term order. A set of
non-zero polynomials G ={gy,..., gt} C | is a Grobner basis of /

with respect to < if and only if for all f € | such that  # 0 there
exists i € {1, ..., t} such that

Im<(g;) divides Im<(f).

V.

| = (X% +x1,x2 +2x1 + 1) = (x3 + 1) ideal in K[x1], <= deg lex.
o G ={x+x1,x% +2x1 + 1} not a Grdbner basis for /
@ G ={x1 + 1} not a Grébner basis for /

\,
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Grobner Bases

Definition
Let S be a subset of K[xj, ..., x,] and < a term order. Then

in<(S) = (mx(f) | f € 5)

is called the initial ideal of S.

Note that in<(S) is a monomial ideal.

| = (xl2 +X1,X12 +2x1 +1) = (x1 + 1) ideal in K[x1], <= deg lex.

= inj(/) = (Xl).
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Grobner Bases

Let | # (0) be an ideal and G ={g, ..., gs} C | a set of non-zero
polynomials in K[x, ..., xa]. The for a term order < the following
are equivalent:

(i) G is a Grobner basis of | with respect to <
(i) felafS, 0
(i) fel & f=mg+ -+ hsgs with

lm<(f) = maxj{lmj(h;)lmj(g,-) | i=1,..., S}

and h e Klxq, ..., xnl, i=1,...,s.
(iv) in<(/) =in<(G)
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Grobner Bases

(Proof. ...
o (i) = (ii)

General Fact: f € K[xq, ..., xp]

Division algorithm

dr e Kxq, ..., xp]

reduced with respect to G such that f £>+ r=f—rel=
felsrel

Using this fact we prove (i) = (ii)
> ="
r=0=rel=fel
> <"
fel=recl

Assumption: r #£0
G Grob basi . . ..
S0 0%, exists gj with Im<(gi)lm<(r) = contradiction to r

reduced = r =0 [he/124




Grobner Bases

o (i) = (iii)
> ="
Fel g f £>+ 0 Theorem before F— h1g1 4ot hsgs with

lm<(f) = man{lmj(h;)lmj(g;) | I = 1, oo .,S}

and h; € K[xq, ..., x,],i=1,...,5s.
>71¢1|
GClI
f:h1g1+-~-+hsgs:>f€l. ]
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Grobner Bases

o (iii) = (iv)

> inj(G) ginj(l)
GCIl=> inj(G) - inj(l).

> in<(G) Din<(l)

III

fel— f=nhg+- -+ hsgs with

lm<(f):man{lmj(h)lm<(g,) li=1,..., s}

= Im<(f) € in<(G) = in<(/) C in<(G). [
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Grobner Bases

e (iv) = (i)
el mo(f) =lma(g)h + - + lm<(gs)hs = exists g;
with Im<(g;)[lm<(f) = G Grdébner basis O
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Grobner Bases

Let G ={g1,...,gs} be a Grébner basis of the ideal | in
Kx1,...,x,. Then

I =(g1,....8)

G Grobner basisof | = GC | = (g1,...,8s) C 1.

iii) of Theorem
fe| ol Theoren, ¢ pgi+- +hogs = F € (g1....8) =

IC (g, 8) N

V
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Grobner Bases

Let | CK[xq,..., Xn) be an ideal and < a term order. Then there
is a Grébner basis G ={g1,...,gs} of I.

in<(/) is a monomial ideal = in<(/) = (mq, ..., ms) for finitely
many monomials my, ..., mg % exist g1,...,8s € | with
Im<(gi) = m; % G={g,..., gs} Grobner basis O]
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Grobner Bases

If I CK[xq,...,xnl is an ideal. Then | is generated by a finite set
of polynomials in K[xq, ..., Xnl.

We know:
@ / has a Grdbner basis {g1, ..., gs}

@ a Grdbner basis {g1, . .., gs} generates the ideal.

The number of generators of an ideal in K[xy, ..., X for n > 2 is
not bounded by n !
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Grobner Bases

Definition

A ring R is called Noetherian if every ideal is generated by a finite
set.

o Any PID, Z, K[x].

@ R Noetherian = RI[x] Noetherian (proof in textbooks)
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Grobner Bases

For the sake of a simpler notation:

Definition

Let G ={g1,...,8s} C Klxq, ..., xs. We say that G is a Grobner
basis, if G is a Grobner basis of (g1, ..., gs)-
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Grobner Bases

Let G ={g1,...,8s} CKlxq,...,xnl then the following are
equivalent:

(i) G is a Grobner basis

(i) The remainder of division by G is unique

Even for Grobner bases: wug, ..., us such that

g =181+ -+ Us8s+r

for r reduced are not neccessarily unique.
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Grobner Bases

e (i) = (ii)
Assume f £>+ rand f £>+ r’ and r and r’ reduced with respect
to G.

=f—rf—r'e(G)=(f—r)—(f—=r")=r"—re(G)

r,r’ reduced = r — r’ reduced with respectto G = r—r' =0 =

r=r'.

Ol

v
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Grobner Bases

o (ii) = (i)

We show that (ii) implies

fe(G)efS, o

This is one of the equivalent conditions from the theorem and
implies that G is a Grébner basis.

° H<:H

f£>+O:>f:u1g1+---+usgs:>fe(G) O

.
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Grobner Bases

0 '="
We must show:
fe(G)andf £>+ r, r reduced = then r =0

Claim:

e ceK, c#0,

e m Monomial

o g e Klxy,...,x, with g £>+ r for r reduced.
Theng—cmg,-i+rfori:1 ..... s. O
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Grobner Bases

Proof of Claim:
Consider the monomial m’” = mlm < (g;) Consider the following
cases:
@ m’ does not appear in g =
8i G
g—cmg =g —, r.
e m’ appearsin g =

d’ = coefficient of m’ in g.
d = coefficient of m’ in cmg; = cle<(gi).
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Grobner Bases

Case: d =d’
let r; reduced such that g —cmg; £>+ n

By d # 0 it follows that
&i G
& —8—¢cmg —4+n

Uniqueness of remainder

G G
=g —>yrandg >4 n

G
g—cmg =i r

r=r and
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Grobner Bases

Case: d # d’

Set h=g— %cmg,- = the coefficient of mlm<(g;) in his 0.
Then:

d,d’#0 g

L g &

:>d7éd g—cmg,-ih

G G
= for h = n, . reduced, we have g —, r; and hence r = r; =

G
g—cmgi —4 r.

This completes the proof of the claim. Ol
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Grobner Bases

Claim (already proved):

e cekK c#0,
@ m Monomial
o g €Klxg,...,x, with g £>+ r for r reduced.

Then g —cmg; £>+ rfori=1,...,s.

fe (g1, . ,gs) L f Zle h,'g,' expand h; in monomials
£ .
f = Zj:l CJ-X(XJ gi;

Clai G Clai ¢
aim F Clxalgh = r % f— Clexlgil — C2X°‘2gi2 —4 I

Claim

Claim ¢ .G
0=Ff—3 ; 1cx%g; —+r=r=0. O
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Hilbert Basis Theorem

Every polynomial ideal is finitely generated.

OR:

Every ideal in S = k[xy, ..., xp] is finitley generated i.e.,
/:<f1,...,fk> where f1,... .,/ €S

Proof:

Let / C S be a polynomial ideal then by Dickson's lemma,

in () =0Um=(f)|fel
= which is minimal ideal.

So, by Dickson's lemma it is finitely generated. so there exists
{g1,...,8:) C I such that in <(/) = (Im<(g1),...,Im<(gk))
we will show that | = (g1 ..., g«)

Since (g1...,8k) C/

We need to show that | C (g1 ..., gk)
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let fel=fC <g1...,gk>

By division Algorithm,
f=wmg+...+ugx+r

If r=0then f € (g1...,gk) we are done.

If r£0thenr=Ff—uwg —...— ukgk €/
Since

feland)(gl),....gk) €1

=recl

= Im <(r) € in <(I) = (Im<(g1), ..., Im<(gk))
which is a contradiction by division algorithm.
=r=0=1C{g...,8«) Hence;

I={(g1....8k)
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S-Polynomials and Buchberger's Algorithm

9. S-Polynomials and
Buchberger's Algorithm
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S-Polynomials and Buchberger's Algorithm

So far:

@ Grobner bases have nice properties.

@ not clear how to find a Grébner basis for a given /

Definition

o= (a1,....%), B =(P1,....Pn) € N". Then
max (o, B1) .X,r1na><(ocn,[3n)

lem(x*, xP) = x]

is the least common multiple of x* xP.

Icm(xlxg’x;;, x13X2X32X4) = xfx2X§’X4.
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S-Polynomials and Buchberger's Algorithm

Let f,g € Klxy, ..., xy), f,g #0 and < a term order. Set
m = lem(lm<(f),Im<(g)). The polynomial

S(f,g):=

is called the S-polynomial of  and g.

f=2x1x0—x1,8 =3x% — x2 € Qlxg, x2], <= deg lex

(*] lmj(f) = X1 X2

@ Im<(g) =x3

0 m=lcm(x1x2, ¥2) = xZxo
X2 x5 X2x5 1 1 1 1
S(f.g)= 22— 220 — “xif — Zxog = ——x2 + =X2.
(f.g) 5 3x12g 2X1 3X2g > X1 3X2 od /124



S-Polynomials and Buchberger's Algorithm

Theorem (Buchberger Criterion)

Let G ={g1,..., g} C Klxy, ..., Xn) and < a term order. Then the
following are equivalent:

@ G is a Grobner basis
° 5(gi g) S 0fralll<i<j<s.

The proof of the result is technical and complicated. We first show
that the theorem provides an algorithm for finding Grobner bases.
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Buchberger's Algorithm

Data: F ={f,..., e Kix, ..., xp] with f; £0,i=1,..., s
Result: G ={g,..., g:+} Grobner basis of (F)
G=F 8§={fi,fi}1<i<j<s}h
while 8 # ) do
Choose {f, g} € §;
S:=38\{f gk
S(f,g) £>+ h for h reduced with respect to G;
if h# 0 then

S=8U{{u, h} | ue G}

G := GU{h};
end

end
return G;
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Buchberger's Algorithm

A =xx— X, fp =—x1— x5 € Qlxi, x2], <= lex
e Initializtion: G ={f;, i}, 8 ={{f, L}
@ First pass through while loop

8§ =8\ {{f, L}} =0;

S(f, f) £>+ XS —xp = h = f3;

S:={{f. B} {% Kl
G :={h, f, 3}

A
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Buchberger's Algorithm

@ Second pass through while loop

8 := 8\ {{A, )} = A Ak
S(fi,f) S 0=h;
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Buchberger's Algorithm

@ Third pass through while loop
8§:=8\{{h, B} =10
S(hf) . 0= h;
Return G ={f, , 3};

A
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Buchberger's Algorithm
Buchberger's algorithm terminates and is correct.

Assumption: The algorithm does not terminate

= There exist infinitly many iterations in which h is added to G

Set Gy := F and set G; to be the set G after the ith h =: h; was
added.

=G CGC---

is strictly ascending Ol
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Buchberger's Algorithm

h; # 0 is reduced with respect to G;_; = Im<(h;) € in< ({G,-_l})
=

inj({c;l}) c inj({cz}) - inj({@}) c...

Is a strictly ascending chain of monomial ideals. O
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Buchberger's Algorithm

M= G {m<(e) 1 g € G}

i=1
Dickson Lemma

exist my, ..., m, € M with (mq, ..., m,) = (M).

Let i’/ be such that

mi,....,m, € O{lm<(g) | g € G,'}
i=1

= inj<(G,-)) = (M), i > i’ = contradiction = algorithm

terminates.
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Buchberger's Algorithm

Remains to show that the algorithm is correct and returns a
Grébner basis

= (g1,....8) = (f,....f)

S(gi g) £>+ 0 for 1 < i< j <t by termination criterion.

Buchberger Criterion

G ={g1,...,gt}is a Grébner basis.
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S-Polynomials and Buchberger's Algorithm

Let us return to the proof of:

Theorem (Buchberger's Criterion)

Let G ={g1,..., gt C Klxy, ..., Xn] and < a term order. Then the
following are equivalent:

o G is a Grobner basis

° S(gi.g) £>+Ofora//1<i<j<5-
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S-Polynomials and Buchberger's Algorithm

Let fi,.... s €Klxy,...,xnl, f = Zle ¢ifi, ci € K and < a term
order.
If

o Im<(f1) = =lm<(h) =x*
o Im<(f) < x*

Then f is a linear combination of S(f;, f;), 1 < i < j <'s, with
coefficients in K.
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S-Polynomials and Buchberger's Algorithm

e f; = a;x*+ lower terms

o S(fif)=Lfi—1f

f=cfit+cf

1 1
=aa—fh+- -+ cas—f
al ds

1 1 1 1
= qa (*fl = *fz) + (cra1 + Czaz)(*fz — *fa>+
al ar an as

1 1
o004 [[Gngr o004k Cs—las—1)<a fs—1— ;ﬂ>+

s—1 s

1
(Clal SEoceaF Csas);fs

S

=caaS(h, h)+ -+ (car+ -+ cs—185-1)S(fs—1, f5)
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S-Polynomials and Buchberger's Algorithm

Proof of Buchberger Criterion.

@0 '="
G ={gi1,...,gs} Grobner basis of | = (g1,...,85) = S(gi. &) €/
and S(gi, g;) S 0 -
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S-Polynomials and Buchberger's Algorithm

Proof of Buchberger Criterion.
° 1Y¢11
We use

G Grobner basis <
fel=I(g1....8)© f=hg+ -+ hsgs with

The "<" directions of the criterion is trivial. ]
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S-Polynomials and Buchberger's Algorithm

Proof of Buchberger Criterion.

fel=I(g ..., gs) = f=higi+ -+ hsgs for
hl,...,hSEK[Xl,...,X,,]

For fixed f choose hy, ..., hs such that
x* = maX<{lmj(hi)1m<(gi) li=1,..., S}

is minimal

Case : x* =Im<(f)
= we are done

Case : x* > lm<(f)
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S-Polynomials and Buchberger's Algorithm

Proof of Buchberger Criterion.
h; = d; lm_ (h;)+ smaller terms, g =7 icr dilm<(h;) g

Lemma

= Im<(diIm<(h;) gi) =x*, i € T and Im<(g) < x* =—=> exist
dij € K such that

g=)_ dijs(lmj(hi)giv lmj(hj)gj)
T

x* = lecm (lmj(h;g,-),lmj(hjgj)) ==

X X
= = Im< (h;)gi — = Im< (h;
TR P P N = e v oy ey e e
x* x*
Tle<(g)im=(g)°  lex(g)m=(g) ¥
Zoc

—_— ,g(p’:,p‘:\ 85/124




S-Polynomials and Buchberger's Algorithm

Proof of Buchberger Criterion.

Q|

Assumption

S(gig) —+0

Easy Exercise o G

Icm(lmj(;),lmj (g)) S(si, gj) —+ 0

= 5<lm5(h,-)g,-,lmj(hj)gj) £>+ 0 []
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S-Polynomials and Buchberger's Algorithm

Proof of Buchberger Criterion.

=
exist hjje, 1 <€<s

S(lmj(h,-)g,-, lmj(hj)gj) = ; hi,j,(’,gf,

and

max (Im(hije)lms(gr) ) = Ims (S(im<(h)gi, m=(h;)g;))

< max<(lm<(h;)gi, Im<(h;)g;))

lmj(z higi) = 1mj(Zlmj(hi)gi) < x*

ieT ieT
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Minimal Grobner Basis

A set G is said to be minimal Grobner basis if
@ G is Grobner Basis
Q #any 8i, 8 € G such that Im(gj)/Im(g;) or Im(g;)/Im(g;)

Note:
Minimal Grobner Basis is not unique but if G; and G, be two
minimal Grobner Basis for some ideal / then |Gy| = |G,|.
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Reduced Grobner Basis

Aset G ={g1,..., g} is said to be Reduced Grobner basis if:
@ G is Grobner Basis

@ Vg € G no term in g is divisible by any of the
Im(g;);Vi=1,...,k

Reduced Grobner basis is always unique
Remark: R.G.B = M.G.B = G.B
But Converse is not true (in General)
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How to find Reduced Grobner Basis

@ Use Buchburgers Algorithm to find G.B

8k ——r+ hk
= {h1, hy, ..., hy} is reduced grobner basis.
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Applications of Grébner basis

10. Applications of Grobner
basis
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Weak Hilbert Nullstellensatz

Statement:
Let / be an ideal contained in k[xi, ..., x,]. Then V() =0 if and
only if I = k[xq, ..., Xn).

Proof:

etlel/ =GB={1}e G < | =k[x,..., Xp).

Result:

Vie(l) =0 if and only if 1 € G (i.e., given polynomials fi, ..., f,
then there are no solutions to the system f; =0,/ =0,...,f =0
in K" if and only if G ={1}).

Proof:

Vie(l) = 0 if and only if 1 € /. But this condition is equivalent to
G = {1}, since G is the reduced Grdbner basis.
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For X1, X> power products in the x variables and Y7, Y> power
products in the y variables, we define

X1 <x X2
X1Y1 < Xo Yy <— or
X1 =Xoand Y3 <y Ys.

This term order is called an elimination order with the x variables
larger than the y variables.
Assignment: Elimination order is a monomial order.
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Let / be a non-zero ideal of k[y1,...,ym Xx1,...,Xal, and let <
be an elimination order with the x variables larger than the y
variables. Let G ={g,..., g:} be a Grébner basis for this
ideal. Then GNkly1,...,yml is a Grobner basis for the ideal
I Nk [y1 ..... }/m].

Remark:  Theideal I Nklyi,...,yml is called an elimination
ideal, since the x variables have been "eliminated".
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Let /, J be ideals in k [xq, ..., Xp), and let w be a new variable.
Consider the ideal (w/, (1 —w)J) in k[xq, ..., Xxn, wl. Then

INd=wl 1-w))Nkix,..., Xp) .

Proof. Let f € INJ. Since f = wf + (1 — w)f, we have
fewh(l-w)J)nkls,..., xn]. Conversely, suppose that
fe(wl(l—w)J)Nkixi, ..., xa). Then, since
fe(w,b(l—w)J)Cklx,..., x5 wl, we have

Since w does not appear in f (xq,...,X,), we can let w =1 and
get f €/, and thenlet w=0andgetfeJ. = felnNd.
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Example:

Consider the following ideals in Q[x, yI;

I =(x*+y3—1,x—yx+3)and J = (x’y — 1) We wish to
compute I N J .

We compute a Grobner basis G for the ideal

<W(x2 +y3 1), wix—yx+3), (1 —w)(x?y — 1)> C Qlx,y,wl ;
deglex x > y and an elimination order w > x > y.

Sol:

G ={x3y?2—x3y —3x%y —xy + x + 3, x%y* + x*y — x%y — y3 —
x? +1,12853w + 118x*y + 9x2y3 — 357x3y — 972x%y% +
2152x%y — 118x% — 9y? + 357x + 972y — 2152, x®y + 3x2y3 +
3x%y? — x3 + 3x%y —3y% — 3y — 3}

So, a Grobner basis for the ideal /N J is

32— 3y — 3y —xy + x £ 3,324 £ xty — X2y — 3 X2t
1, x%y +3x%y3 4+ 3x%y? — x3 + 3x%y —3y? — 3y — 3}.
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Statement:

For f,g € klxi, ..., xnl, both non-zero, we have
()N {g) = {lem(f, g)).

Proof:

(f). Let he (f)N{g),

= he(f)yand he (g),

h is multiple of f

h is multiple of g

h is multiple of (lem(f, g))
Conversaly,

h is multiple of f = h € (f)
h is multiple of g = h € (g)
he(f)n(g),

= (F) N1 (g) = (lem(f,g))
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Quotient Ideal

Let / and J be ideals in k [x1, ..., x,). The ideal quotient J: / is
defined to be

J:l={geklx,....,xa | gl CJ}.
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LEMMA

Let I =(A,..., fs) and J be ideals in k[xq,..., Xnl. Then

Proof.

If g € J: 1, then gl C J, so in particular gf; € Jfori=1,...,s5,
and hence g € (7, J: (fi).

Conversely,

ifgeNii J:(f) theng(fiy CJfori=1,..., s, and hence
gl CJ,sothatge J: 1.

=J:1=N_J:(f)

Remark:

we only need to concentrate on computing J : (f) for a single
polynomial f.
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Example:

Let g1 = x(x+y)%, g2=y A =x% h=x+yin Qlx,yl.
Consider the ideals | = (f1, ) and J = (g1, g»). Compute J: .
Sol:

Jil=: () [U:(R)
and so by previous Lemma
1
f

1

=
/ )

N[+ Un (k).

First we compute J N (f1) by computing a Grobner basis G; for the
ideal (wg1, wgs, (1 — w)fi) C Qlx, y, w] with respect to the lex
term ordering with w > x > y to obtain

2

G = {X2W—x ,Wy,x3,X2y},

so that f—ll (JN(f)) =(xy).
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Second;
we compute J N (fy) by computing a Grobner basis G, for the ideal

(wgr, wgs, (1 —w)fh) C Qlx, y, w] using the same order as above,
and we obtain

Gy = {Wx—x—y, Wy,x3+y3,xy+y2},

so that 712 (JN{(h)) = <X2 — Xy +y2.y>-
Finally

Compute (x,y) N (x> —xy+ y? y) by computing a Grébner basis
G for the ideal <WX, wy, (1 —w) (x2 — xy+
y2) (11— W)y> C QIx, y, w] with respect to the lex ordering with

w > x >y, to obtain

G = {WX,X2,y}

Therefore J: | = <x2,y>.

101/ 124



Lemma

Let J be an ideal and f #£ 0 be a polynomial in k [xq, ..., Xn). Then

1
JiAf) = 2N ()
Proof:
If g € (JN(f)), then gf € J, and hence g € J: (f).
Conversely,

if g € J:(f), then gf € J, and hence gf € JN (f), so that
g € t(JN{f)).
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Polynomial Maps

Consider a k-algebra homomorphism is a ring homomorphism
defined as: Q : kly1,...,ynl — klxt,..., x5

yi — klx1, ..., X

Example:

Q : kly1, y2, y3l = kix1, x2, x3]

yi—>x1+x2+x3

V2 = X2 — x5 — X3

$(2y2 4 3y3 + y1y2) = 20(y1)? + 3(d(y2))® + d(y1) b (y2)

d(2y7 +3y3 + y1yo) =

2(x1 + x2 + x3)% + 3(x12 —x22 — x32)3 + (x1 + xo + X3)(x12 — x22 — xg)
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LEMMA

Let a1, a0, ..., an, b1, bo, ..., b, be elements of a commutative ring
R. Then the element ajas---a, — b1by - -- by, is in the ideal

<al—b1,a2— b2 ..... a,,—b,,).
Proof
The proof is easily done by induction using the fact that

ajaz---ap—biba---by=ar(azx---ap— by by)+br--- by (a1 — b1).
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Let ¢ : Klyy, ..., yml — Klxg, ..., x,] and

yi — f(x1, ..., Xn).

let K=(n—H,..., Ym—fm) C k1, ..., Y X1y -« Xn], Then
ker(p) = KNklyr, ..., yml.

Proof:

Let g€ KNklyi, ..., Yol Then

m

g}/L---r)/m Z —le,..., ))hi(yll"'vymvxlv"'vxn)v
i=1

where hj € kly1, ..., Ym X1, ..., Xnl.
Therefore g is zero when evaluated at (y1,...,¥m) = (A, ..., fm)
and hence g € ker (o).
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Conversely,

let g € kerd. We can write g = Y |, cyy{ - - ¥, Where
ey € k,v=1(v1,...,vm) € N Since g € kerd
=g=8W1 ., Ym)
dlg)=g(f,....fn) =0

dlg) =

g§=8—-0=g—d(g)

g=g—glh, ... fm)

8= e Co (1“0 eyl — 1 fVm)

By previous lemma, g € K

but g € Kl(y1,..., ym)]
=sgecKnkly,...,yml.

Hence,

ker(b) = KNklyi, ..., Yml.
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Statement:

Let K=(r—f,-- -, Ym—Fm) C kly1, .., ¥Ym X1, ..., Xn] be the
ideal considered in Theorem 2.4.2, and let G be the reduced
Grobner basis for K with respect to an elimination order with the x
variables larger than the y variables. Then f € k[xq,..., Xpl is in
the image of ¢ if and only if there exists h € k[y1, ..., yml such

that £ -%» +h. In this case, f = &d(h) = h(f, ..., fm).
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Proof. Let f € k[xq,..., xp) be inim(¢$). Then f =g (f,..., fm)
for some g € k[y1,...,yml. Consider the polynomial

F(xt,ooonxn) — 80, - ym) € klyt, e o Y X1, -+ Xl -

Note that

fxt, ..., Xn) — & (Y1, -+, ym) =g (h, ..., fm) — & (y1, .- -, Ym),
and hence, using Lemma 2.4.1, we see that

fx,..., xn) —g (1, ..., ym) is in K. Therefore, by Proposition
21.4, g -5 +h, and f -5 +h, where h= Ng(g) = Ng(f). But,
since g € klyr,..., yml, & can only be reduced by polynomials in G
which have leading terms in the y variables alone. Since the x
variables are larger than the y variables in our elimination order, the
polynomials used to reduce g are in k[y1,..., yml. Therefore
hekly,....,yml
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Conversely, let f i h, where h € kly,..., ¥ml. Then f —he K,
so

If we substitute f; for y;, we see that f = h(f1,..., fn) = d(h), and
f is in the image of ¢.
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Statement: Let

K=b1—f,....¥m—Tm) Cklyi,...,¥Ym X1, - .., Xnl be the ideal
considered in Theorem 2.4.2, and let G be the reduced Grobner
basis for K with respect to an elimination order with the x variables
larger than the y variables. Then ¢ is onto if and only if for each
i=1,...,n, there exists g; € G such that g; = x; — h;, where

hi € klyl,..., yml. Moreover, in this case, x; = h; (f1, ..., fm).

110/124



Proof:

Let us first assume that ¢ is onto. Also, without loss of generality,
let us assume that the order is such that x; < --- < x,. Then by
Theorem 2.4.4, since x is in the image of ¢, there exists

hy € klyi, ..., ym] such that x; N +h. Therefore x; — h} € K,
and hence there exists g1 € G such that Im (g1) divides

Im (x1 — h}) = x1. Therefore, since the only terms strickly smaller
than x; are terms in the y variables alone, g1 = x; — h; for some
h1 € kly1,...,yml. Similarly, since x» is in the image of ¢, there

exists h € k[y1,..., yml such that x; £, h,, and hence there
exists g» € G such that Im (g2) divides Im (x2 — h}) = x2. Since the
only terms strictly smaller than x> are terms involving x; and the y
variables only, and since G is the reduced Grdbner basis and any
term involving x; could be reduced using g1 = x; — h1, we must
have g = xo — hy for some hy € kly1,...,yml. We proceed in a
similar fashion for the remaining x;’s.
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The 3-Color Problem

We are given a graph G with n vertices with at most one edge
between any two vertices. We want to color the vertices in such a
way that only 3 colors are used, and no two vertices connected by
an edge are colored the same way. If 9 can be colored in this
fashion, then is called 3-colorable. This can be seen to be the same
as the 3-color problem for a map: the vertices represent the regions
to be colored, and two vertices are connected by an edge if the two
corresponding regions are adjacent.

Each vertex is to be assigned one of the 3 colors 1, w., w?. This
can be represented by the following n equations:

x}—1=0, 1<i<n.

Also, if the vertices x; and x; are connected by an edge, they need
to have a different color. Since x? = x;, we have
(x; — xj-)(x,-2 + X;xj + ij) = 0. Therefore, x; and x; will have

different colors if and only if

. Ly 2 _
Xi +XIXJ + XJ =0. 112 /124



The graph G is 3-colorable if and only if V(/) =10

Proof:

We can use Grobner bases to determine if V(1) = 0. We first
compute a reduced Grobner basis for 1. If 1 € G, then V(/) =0
and otherwise V(1) # 0.
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Example(3 colorable graph)
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Consider the graph G. The polynomials corresponding to G are:
xF—1=0,i= 1,...,8and x? + xix/ + x?

For the pairs (/,)) €
{(1,2),(1,5),(1,6),(2,3),(2,4),(2,8),(3,4),(3,8),(4,5),(4,7),
(5,6),(5,7),(6,7),(6,8)}.

Compute a Grobner basis G for the ideal I corresponding to the
above polynomial with order lex x; > x» > ... > xg

G={X1 — X7, Xo + X7 + Xg, X3 — X7, X4 — Xg, X5 + X7 + Xg, Xg — Xg, X72 +
x71Xg +x2,x3—1}1¢ G = V(I)# 0 = G is 3—colorable.
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Integer Programming

Integer programing is a sysytem whose solution is in form of
non-negative integers.

o No.ofequations = n = x;

@ No.ofvariables = m = y;
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a1101 + a0+ ... +a1mom = b1,
3101 + a»os+ ...+ am0m = bo,
an101 +ano2+ ...+ amm0m = by,

Represent the equation as follow:
3j101+...+ajmO0m

X; =xibi fori=1...n
X;?i101+"'+aim0m _ X’_bi
for i=1,...,n. Then System can be written as :
21101t +a1mOm A O1++anmOm Xblxbz .
1 n 1 %2
or equivalently,
(2.8.3)

a a o1 a a om _ b1 _b
(X11.1X221 . -Xﬁ”l) e (XllmX22m . .Xra'nm) m — X11X22 P
Defines polynomial map:

k LI
Wi yml — kixy, .. x4l

aij azj anj
Vi —Sx:IxA oo
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Example:

301 +202+ 03+ 04 =10
4014+ 0o+ 03 =5

We have two x variables, xq, x», one for each equation. We also
have four y variables, y1, o, y3, ya, one for each unknown.
map is
]
Qly1, y2, 3, yal — [x1, xal
4

Yy XfX2

Yo — X12X2

Y3 > X1X2

Ya > X1
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Define an ideal K = <y1 —X3x3, o — X2x2,¥3 — Xx1%2, Va4 — xl) C
Qly1, y2. ¥3. ya, x1, x2].

The Grébner basis for K with order lex x; > x> > y1 >
yo>y3>yais G =1{f, b R, f}

where

fi =x1—ya, b =Xxy4 — y3,

5 =xy3 —y1.fa = y2— yaya. fs = y1ya — 5.

Then ff

03 == y3yy

h is reduced with respect to G.

= (0,0,5,5) is a solution of System.
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Modules and Grobner Bases
Modules and Grobner Bases
Definition:
For monomials X = Xe; and Y = Ye; of A”, we say that

XeyYy
X<Y = or
X =Y and i <j.

We call this order TOP for "term over position", since it places
more importance on the term order on A than on the position in
the vector.

So, for example, in the case of two variables and m = 2, using
deglex on the power products of A with x < y, we see that

(x,0) < (0,x) < (y,0) < (xy,0).
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Modules and Grobner Bases

Definition:
For monomials X = Xe; and Y = Ye; of A™, we say that

I<j
X<Y < or
i=jand X <Y.

We call this order POT for "position over term", since it places
more importance on the position in the vector than on the term
order on A.

So in this case we have, again for the case of two variables and

m = 2, using deglex on the power products of A with x < y,

(x,0) < (v,0) < (xy,0) < (0, x).
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Modules and Grobner Bases

DEFINITION:

Given f, g, hinA™, g # 0, we say that f reduces to h modulo g in
one step, written £ £ h, if and only if /t(g) divides a term X that
appearsin f and h=f — %g)g Example:

Let f = (—y3+2x3y,3xy2 + y? +4x) and g = (x + 1, y% + x).
We use the lex ordering with x < y, and TOP with e; < ey. Then,
It(g) = (0,y%) = y?er, and

f— g8

fof—3%g

= (3+2x%y —3x? — 3x, y* — 3x* + 4x).

Again by division, we get:

= (—y3+2x3y —3x%2 —4x — 1, —3x% + 3x).
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Modules and Grobner Bases
S-polynomial

Definition:

Let 0~ f,g € S™. Let L =Ilcm(Im(f),Im(g)).
The vector

S(F.g) = 7k () — 75 (g)

is called th S polynom|a| of f and g.
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Modules and Grobner Bases
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