
CIRM - A crash course in knot Theor

Lecture I : March 4
, 2024

History
-

1870-1890 : "Vortex Atom Theory" by
Lord Kelvin /William Thomson (

Hypothesis : An atom is as vortex in the aether.

Tait : A systematic clarification of knots

up to 10 crossings.

20th century :
Poincare : Fundamental group -

Tietze i Knot group

Reidemeister
, Alexande ...

defi : A knot is a differentiable embedding

of S' into IR3 Cor S3) .

We work with "tame Knots"

Aknot

C O is un knot if& E I
G - it bounds a disk -

/⑨ & UNKNOT
-

TREFOLL FIGURE & Simit

-

put
not with ↑ wild knots" ;O

....&
4...-



defi : A link 2 <1123 is a disjoint mion

of knots . TC&&
=↳

C O O
WHITEHEAD LINK

UNLINK with
HOPFLINK 2 components

We consider smooth deformations on the set

of all knots in1R3
.

defn : Let Ka,k2 be two knots in /R3

An ambient isotopy of IR3 taking Keto Ke

is a diffble map

# : IR
3
x [Oc 1] -> IR3 sit

i F(X ,
t) = f+ (X) : /R3 -IR

*
is a differ

f + + [0 , 13 -

[
NOTE : Two smooth

knots are equivalent
iit F(X ,0) = id : 123 + IR3 - if 7 an orientation 3

iii-) Ec (KI) = K2 -

pres . Homeo I n : 1123< /12

taking one to another .

-&ex :

- -O- D-

Q . Zohy ambient isotopy ? Assume isotopy
F : S'x [0 , 17=

/13 -
F (X ,0) = K1 F(X , K) = K2

d

-
F (x , + ) , an enbedding to



NOTE : Any embedding of S into IR" is trivial

upto ambient isotopy of IR4 .

Iproved by using general positioning , which also

allows to show any two embeddings of an In-manifold into IRIN+ 2 are Botopic .

KNOT DIAGRAMS

not allowed :
z ~ f E<* V3L
- ↓y

X & an immersed closed move in 1122

& Dr

"

the universe a 4-regular graph with
19

of the
n vertise with 2+ 2 regions

trefoil knot

we allow only -
n vertices -> In edgl

·

Transversal intersections: / Euler's Formula :

u - 2n +f = 2
defn :

A knot disegram is A
=> f = x + 2

generic immersion of S' with :

t -> y Ov/ & X
↑

overpassing
strand



Reidemeister Moves

Y t ) "Planarisotopy"
move

-NOTE : We can comide- E E & an orientation on akot

diagram.

( - D Tum : Oriented R-moves
RI)

[Polyak]
=

. .f are generated by

Ex &
·
O↑

-
$ RK( /

↑ 5 - ↓4 t=
-
--

Thm scidencise n23] To =d

Two knot diagrams 11 , K2 represent the

1

same" knot in 113 if and only if 11 is

related toKe by a sequence of Reidemciste

moves.

Of : If : easy

only if : i) Consider a knot as polygonal ,

so that it consists of a finite number of line

segments.

ii> Define -moves :To-one I -C O

subdivision



ii) Consider projections of 0-moves .

Apply an induction argument on the

number strands intersecting the 0-moveof

region :

n = 1 j

↳ - => RI

D

. - i = me

n = 2

H - , = Bu
/:

i A sequence- :
=

of subdivisions
and RI

,I,III

moves-



Lecture 2 : Mach 4 ,2024

MAIN PROBLEM :DISTINGUISH
knot Invariants : KUOTS.

↳> DETECT UNKNOT.
17 Crossing number

def : K
, a knot Cor link) .

or (1) := min. # of comings that diagrams
of K admit.

A diagram of K is minimal if it attaine

/
the crossing number of K. -

&& & CC,-
minimal diagrams

Cr

G/C
Claim : The

-is the
see

st

I non-trivial knot .

Of : This needs to be proven .

NOTE : Trefoil not is chiral Y- /
Figure - 8 must is amphi-chiral . Mirror

Image

A solvedConjecture : [Tait's Conj · ]
It reduced alternating diagram of a

Thistle
waite

Z
knot is minimal. Proven by Kauffman

↓in 1987 by the brache t .



⑭ i-T
Open Problem -⑭ =⑭i 1
--cr(k)#k2) = cr(() + cr(kz) . (k# )

is a comme
monoid .

Clearly or (M #K2) = cr (k) + or (k2)

33
Marc Lackeby :

=> a constant N7 + sit

↓ (ar(k) + or (K2)) or (R: #K2) .

Thm : [Kauffman , Murasugi , Thistlethwaite]

Let K1, K2 be two alternating lots.

or (M#K2) = or (M) +Cr(R2) .

alternating link - Ia>
- ---

I

zu = n ...

C



Linking Number

sign : M M X

* &
-

-

+

def : Let I be a link withe components ,

a ma B .

2k(2) = 1 & sign (c) .
2

ce21B

Thm : The linking number is an onlented
link invoicent .

Of : Check the invoice under overted

Reidemeister moves .

a hinh is added

9 => - Or - to a local part1 -

of a single component
=> Ik doesn't change .

-
P

4d --4>↓ "opposite signs cancel
each · the

"

RIll-check exercise.



NOTE :

Interpretation of the finking marbe in 113

was given by Games 19th century as

a double integral in the search for

the terrastral magnetic protectivel.

Check Renzo Ricca & Bernardo NipotiI
"Guress linking number revisited" - 2011

I
Q. TEE M

7"It -I
= O

LK / L T

s ?

O G

· Writhe R oriented linkdiagram-

zur (2) = E sign (1).
ct2(k)



Writte is invariant under RI and RI

but not under RI . [Regular isotopy
involiant of

framed mots .

)
- - -

- -- cefthanded ⑳ -((x)-> & --
- - ~

xi

=>Y right handed

no writhing
an application of the

central axis
2 P
- L

I --
·
-&&.& -

head r

I
-> strand to itself

-i close each

DNA helix
a link'

White Calugareance:
int . in central winding of 6, B
*

axis - around
each I&(2 . B) = Write + Twist
other

p - I
- 2 I



Khot Group fietze - Gordon Xueche
-
-

F
Each are generated a loop

K D
in IR3-K .

E 3

L
S - K is a compact 3-manifold

with 8 = K .

Immediate Observation :

If RevR2 then IR3-K , EIR3-K2 .

Therefore Me ((R3-K1) E Te (IR3 - K2 .

defn : The knot group of a link ,
i (K(

is the fundamental group of1R3-K.

(
M CO) = 2. Co cyclic groups

"()) =? hard to compute

can it be 2-0 ?

Thm · C Gordon K Mechel up to
mir. sym .

-

- A
If IR3-K , =IR3-K2 then Kirk2

.

(Whitten) isomorphic

Thm : Kick2 prime knots. If4 (K1 ) ~ (kz)

↑her IR3-K 1 EIR3-Kz .



Corollary : The knot groep is a complete
-

inviricent of prime linots up to mirror

symmety.

->anar preventation of the knot group
Konected :

-I~ *kIM -· ·Ix
- #xixj= xkxj'x ; x = Xk-

Arcs => generators

Crossings -> relations
gu by relations

n(k) = < xxc -.. - xm Inc -- . nL 4
Quotient of Free group on Xi ...,Xm by the normal subgroup

exercise : fil K be a not with n crossings .

In its knot group preventation, at mostrl relations

are needed·

exercise : Find 4 (f) -

↑

E
Prove thatO is non-trivial -



Revealed [Crossing relations:

-I

-k·
Xj Xi xj xK = 1

-

· H
↓ homotopy

or·i wo
to

Ballar

QI

the red parts

-
loop !

: xj x; xjxj= ic !
trivial



NOTE : 7 nonequivalent composite knots

with isomorpic knot groups .

ex : Granny not :

Ki
K2 Ki , K2 both
C

--R & 2-
right-handed② -

~-- trefeil [or both

left-handed ! ]

square knot

n - & 3
- ~

s ↑ vR -
- I

(- -
>·

R, . night-handed K2 : left-handed

trefoil trefoil

n(k) = (E) .

But Up + V ! (exerise .)

- ------- -ee
->
Kishino knot

Co
o - END-o



Lecture 3 : March 5
,
2024

The Jones polynomial

1) The first knot polynomial : Alexander Poly
~ 1920s

2) The Alexander-Conway Recy · John Conway

"Skin relation" ~1960s

3) The Jones polynomial Vaughan Jones

~ 1980s .

"von Neuman algebras
Bn ? ThnI

braid group , = TQFT c Ltr
9 [t,t-]

got the Fields Medal in 1991
Feynman

with Edward Witten "path integral
reformulation ,

#

mBracker polynomial : Louis Kauffma



Axiomatic defi : Let K be an oricted knot/link.

The Jones polynomial is the unique Lament

polynomial in it that satisfies

i If KeK the UK CH = Uk - (f) ·

-ii Vo(t) = 1

ii -> +1 Vx - t v
- = Sit -)V
-

skein relation

Possible to compute the Jones polynomial

by using the axioms.

By Alll :
t
!
V

f
-
+

V
= (rt- )VO

↑

=> t
-
- -

- = V QQAl#
F - 1
r+

& . How do we know such a polynomial exist ?



The Bracker Polynomial

K , a non-oriented diagram of a knot

A

/,
,

M/ A or
B B/L /A //B /
A

A - d ↳B-smoothing
Af &B-smoothing

-

///
-
I

(i --
-> Smooth all crowings of K in 2 possible

ways

=> 24 loop configurations we like

& : ·r
A L -

B

.. ·d C
A G ↳ B Ad & B

· 66 & d..O
* d ↳

B ** BAdxBFL

0.0000 0 o



def : The final descendents of K after

smoothing each coming out are
called

states of K .

Aim : To construct a link invariant by
I

taking an average" over states of the link

Define the meight of s :

CKIs) : = ↑ smoothing labels to
obtain s

↑&I l =
B3

The norm of s :

/I S / = # loops - 1 .

defn : The bracket polynomial of R

is give as

[K) (A , B, a) = [ <k(s) .
&"S

se S

NOTE : (007 = d

=> (0k> = d < K >.



Thm : The bracket pelgromial of K
-

-

is invariant under RI and RI - moves

if B=A-' and d= -A2-A-2 .

Proof :

RI-invariance require ABI1 and d= -A= At.

Sufficient condition for RIll- invoicence
.

=> < K) E & [A ,A"] .

What about RI-moves ?

cy) = a < y) + 1 > N >

= Ad(-7 +A - >

= (A) -A2 A-2) +A
-) < - >

= 1- A3 -1*
'

+ Af") < - >

=

- A3 < - >

& it changes by
A3



=> Normaline (K) by the writte factor :

-- A3)
-W(k >

3

where K is given an orientation now.

-

W (
w

) =2(f) - 1·

z L -x 1 = w(y) + 1

( A3)
- (w ++)yX L= A3)

- (+!2 A3) < (v)

=> (A3)
- (w+1

< jt) = A3). ) fi
Define fl (A) = (A3)

-W

< k) .

Corollary : fl> (A) is an oriented link invariant .

Proposition :

< X) = AL)) > + A- 14>
si S2
- -

Pf : States & Y
,
3 = State 3))35 Stats 4 & 3

II SI
=><Y7 = E(k)s > q""= Al < k(s)d +

Isef(Y) f A"I < KIS)d"s" .



Im : f k (t" ) = Vk(t) .

↑
of :

F>(x) =
A < ( + A

- <N >
H

A/4 = A43 + A- L

=>

A < > - A
-

( x) = (A2- A - 2) <*> 7 .

let ~ ( & ) = w
let-A =2

then w() = w + 1

w ( ) = w - =

Then , multiply each tem by 2-W :

A .
<2 - ( + 1)

< * >-A
(w --= ) = (A- A2) d >

- - u

- fix fe
&

=> A f + A-4 fy
= (A2- A-2) f =

&

Yet A = t +14.

=> -
-
- +

- + + try = (t"- t 2) ↳
·

in . by - I
t-f - -

- +-Y = (++ - +
-
2) & /=> x e

B



Noth : This equality also gives a proof

for the existence of the Jones polynomial.

Prop : Let K be an oricted knot and

** be its mirror image

Ther

(k5(A) = <K > /A- ) .

c -!
But reversing the orientation doesn't change

S

Corollary : C ↑
T

o t yo

Proposition : Let K and 11 be
overted links

sit K' is obtained by reversing the
orientation

of a component K , of K.

let x = eK) /7, ,K-R1) devote the total

linking number of K, with the other components.

Then
Vi(t) = +

- 3 *

Vk(+ ) .

Pf : exercise -



Secure 4 : March 5, 2024

An oriented generalization for knotids

[Turner, 2012]

def : It knotoid disegram is an immension
W

of 20 , 13 into a surface.
Equeic] .

-\

8
n

-o ~ob -- til .
*so

head
Expoints may appear in different regious
unlike the come of 1-1 tayles.

Forbidden Moves :

5 knotoid diagrams)/
f - - 1

Kirk2 if I a finite

+ok + seg of Removes taking
K , to K2

/D . I--- - 12
D

sknots in 333 <>& Knotoids in S23.



Application :
-> to under-> utilized in protein modelling

-

stand the geometrical structure.

OB - is nontrivial !

unknot

Roo(

-

to I
wil
Polynomial :

It's a generalization of the tracket polyco-
mial

,
based on oneited smoothing :

a pour of
& x - wps !

< &
4 >/ x = 1444 + A-"

* =A+ A- >
d
a pair of cusps !



=> Smooth all monings of an oriented

knot/Knotoid diagram .

=> Each state of a knozid diagram
contains a number of loops andexactly

s

are long" component with endpoints.

=> Conside each still up to reduction

rules :

If z
&

↳-x- =>+-// \ /- /
- -

"inside of cusps are on the same side"

If

= > keep this pair !s1/ %/·/ = depps

"inside of asps lie an opposite sides"

Prop : All cusps on a loop component in a
-

state are reduced·

contline : )
Pf : Observation I : All cusps in a state

are pained.

Observation# : I an even number of

cusps on a state component.

Then by the Jordan ame thm , all weps
are recessaring reduced on a loop component. B



Tres
,

OX = 1

k0kx = (- A2- A2)(k)
a new variable !
-

· ② n

~ XX0 ... Y = xn⑳

-

long component with Zigzags"-
-

exercise : Calculate>





Alexander Polynomial

• 1928
.
5.W . Alexander

" Topological Invariants of knees and links

Trans , Arne . Math . See . 30 (1928 ) 275-306 .
"

Given an oriented knot /link diagram.
.

4 local regions around a crossing :

A . / D±A- • D →

•

☐

^
.

B- f C C

A

✗ A- ✗Btc -D= 0

1. At each crossing two dots are placed just

to the left of the weberpassing arc,

one before , one after the overusing .

2. Associate labels b- each local region .



IA D
- <→ ✗A - ✗B +C-D= 0

:-|:B C

Note : If some of the regions are the same

at the crossing other the equation is

simplified .

For instance if A-=D we have

~A-×B⇐°
p .

-

.

E¥
=

cry : ✗ A - ✗Btc -13=0 or : ✗A -✗B -D -A =D

V2 : ✗A -xD -B. + C = 0



Each crossing gives an equation

involving the regions of the diagram K→
.

⇒ construct a matrix for k→
,

My sit rows → equations
-

age
.nNÑ columns as regions of R→

a
Ex :

¥:÷¥=É:→•

:*•

3
* If KI has

1 : ✗ A - ✗ Btc - D= 0 ☒
n crossings ,

2 : ✗ E - ✗ B-1A -D= o
-

ther K admits.n+2regiou§
3 : ✗ c- ✗ B + E -D = 0

A B C D E ↳Ex -

✗ -✗ 1 -1 0

)⇒mi:(
-

2 1 -X O -1 ✗

O - X X -7 1



Delete two columns that correspond to
-

adjacent regions to obtain a square

ÑÉ;MRiIz ) .

definition : The Alexander polynomial

of K'
, SK (x ) is given by÷"" ""

:*
A :-B <→ A = ± ✗ nB , n E 2 .

¥ : mÉ=( )
⇒ me A > B) = (I ? )

×

'

-1 1

⇒ by ( x ) f- 1-1×7- ✗2=(-1-1×-5) .✗



1 : ✗A- ✗B-Ct = 0

A 2 : ✗A- ✗C#E-D= 0

•

° 3 : ✗A- xD- BTE = 0

Right - handed trefoil
A B C D E

m*=(I ; ;;) :#exam✗ o -x - l #
matrix

-

det ( -1
0 -11

-x
- 1 +e) = - (-1+11)-1×2

0 - ✗ 1-1 = 1 - X -1×2
-
-

Notice that ( ✗% 0¥. (
× )

(

→ mirror image of K
K ,K*

µ
prove
his

-

'

5kl×'=ok*¥g
.

"
"



Ex :

mk= ( -¥4, ;)

A-

✗ C- ✗ A +B- A = 0

A B C

C- ✗-1 ^ ✗
. )

⇒ by (x ) 1 .

But

g ~ ①
note : we have not

proven yet B. is a knot

invariant .
Then 0

@
(x ) 1



Theorem : bk (x) is a knot invariant

upto ÷

Proof : Cheek

I. the poly . is well - defined , that is

it is independent of the choice of

adjacent regions ,

2. is invariant uÉeneisee
moves upto

Define the index of a region :

R → p , p C-Z
,
R any chosen region .

i

index all regions :

q÷¥i,
sttwituayngimr

p -11 Right →Left ⇒ p-11

§_e:p - i left → right ⇒ p-1 .



Observe that if we smooth the crossing
according to the orientation on the arcs ,
the same indexed regions connect to

be the same
"

region
"

.

^ p
-
'

¥-4> →
,

p g %
p -zp

-
~

p
"

p f p-
t

1,40-1
f- →

%p-11 p
p -11

After smoothing all crossings in this way

of a giver oriented knot / link diagram ,

we obtain Seifetcircles ( simple closed
curves in 1122 )

bounding the resulting regions . with orient .

→



-
p p-1 n

p -2 ✓ p
-1

i
< /
/
f smooth each crossingin the

"oriented
"

way

p
- 2✓

'

,
=

,
< I



Notice that each Seifert circle divides

the plane into 2 regions by the Jordan

curve theorem . Each region bold by a

Seifert circle is reached from the
"outer

"

①
region either from left^

to mint or right to left .
p

Thus
,
the regions

bdd by
or

a Seifert circle

are
- denied uniquely

p T/✗ by the given algorithm .

" Jordan wire them . with indices
"

By the pnev . observation that the same

indexed regions are connected after the

smoothing , and the observation above , we

have a well - defined labeling for each
region of K .



-

A-mother reasoning :

The underlying graph of a knot
is a

4- valent planar graph with n

helices .

Each edge is shared by two vertices

thus there are in total an edges

of the graph .

Assume the "unbounded
"

region of the

graph is labeled by 0 .

We start labelling the other regions .

Notice that from each edge we cross twice .

^ 0→ . .-→p → R .

. . . .PT#Is.pTp-
1



¥
'

✗
=

É÷D÷p-11
p

p -
1

i.
.



• All regions can be reached by crossing

over the ares of the diagram ,
all regions are indexed

⑧ Two local regions are indexed the same .

Eh
.

'

P → dotted regions receive

p

•

/ p-1
indices p and p-11 .

p Tp - 1 → dotted regions relieve

← indices p+I and p .

p -11 / P
=

☒ The indices of adjacent regions differ by 1.



Proposition: Let MK be the matrix of

le 's equations - If we reduce

MK by deleting two columns of index

is and p-11 then the determinants of

two matrices will differ only by
a factor *✗

K
for any such columns .

Ywo

Proof : Let Rp devote the sum of all

columns of index p .
Assume the urbdd

region is
'

indexed by 0
ex :

→

;
.

. .

" " F-¥ ) . ":(¥:)✗-11

Rs = )④ is

=
A B C D E
O -

' -1 -I -2

- X 1 X o - 1 Notice :

Mk=µ× ° ^ ✗ - f.R.tl?,-R-z--0=)- ✗ X O l - l

ln general E Rp = O→
.

P



Claim : E x-P Rp = 5
P

Pf : (outline)
a

pp-1+1 µ
✗
- (p-11)④ -

x-p.:%÷÷TPB E P

A : = ×
- (Pt -

" '

.
✗ =

B : = X-P
.

- ✗ = -0×4+1
C : = ✗

- (p -1)
= ✗ -14+1 trivial

sum
.

D: = X-P . C-1) = - xµ

to
µ,,n, gun, gap , ya gun , ,

aygumn
p

Multiplying column
'

entries in a row by x-Presultsin



Multiply each column by x-P

→

⇒ E. x-P. Rp = 0
=

p

→

⇒ £ (x-P - 1) Rp = 0

(=TÉp- ERP )
P P

en the trefoil ex . , we have

0 = ¥20 - No.) + ( x
"
- 1) Bin + ( x

"
- 1)D. ,

⇒ (✗
"
- 1) C.

,
+ (x2 - 1) 12-2=0

That is
,
the terms in Ro in the sum cancel

each other out.

If rig is a region of index p with

corresponding column Cj then

☒
- P
- 1) Cj is expressible as a linear

combination of The other columns with

nonzero index .



Also , the coefficients of the columns in

the linear combination are of the fern

- ( x-9 - 1) for each column of index 9 .

Let cj be a column related to a

p - indexed region , and

Ck be a column n n y - indexed region .

Consider the matrices M ( o , cj ) , MCO > CK )

obtained by removing the 0 - indexed

region ( the unbdd . region ] column , say co .

Now
,
notice that

t Cj C- Mk lo,Cle ) ,

(X-P - 1) cj = - [ (x
-9- 1) ci

Ci EM,{0,cj ) .

1

by the above observation .

Then
,
we find →



(x-P-1) Det (o,ch ) kth column deleted
= d
Dee (4) . - - , ④B)Cj, - . .,g,; 4<+1 o - - - En )

= 8th column
-

Det (Cis - . -

,-24-9 -1) ci , - - - , Ck+ is . --in)
i c- { 1, . . - on } - { 0,5 }

→ sum up the columns with the g- the

= column to cancel terms

Det ( C1 , . . - , - fx
-9- 1) ok , - - - , ch-c) ch-11,

-- - Cn)

g- the column
=

I
- ¢-9 - 1) cu Det C C1 , . . - och , . . . > Cu )

= - (x- 9- 1) Dee ( M Lo , c -j ) ) .

K

Devote Dee ( al la , b) ) = ba , b . Then

(x
- 9- 1) So

, cj
= I (x-P - 1) So

, ck
-



Since the indices of the regions are determined

upto an additive constant , if ce and cm

are two more columns of im of index

Taira s , Ñesp.ly then
,

⇐ r-4- 1) De,jl×)=I (✗ E-t- 1) Desk (×)

( ✗9
- s
- 1) Ak

, e.
G) = -1-1×9 -r- 1) dk.m.lk)

-
exercise !



(✗
r-9- 1) De,jlx)=I (✗ r- P - 1) be,k (x)

( ✗9
- s
- 1) Ak

, e.
(x) = I (✗9-[ 1) bk.mil)

⇒

be ,k (
×) = by,e(x) = ± (×9-r-1)1k,m .

* * ✗
9-S
-
l
.

⇒

. Die,j (x) = ± (×[P_91ÉI
✗9
- s
- l

→ Two adjacent

Set p,
__ r-11 A s,=q+1 region indices

differ by 1.

be
. ,÷
a) = I ✗

9-
, q -r c-2 .

Thus
,
wherever we remove two columns

from the matrix of consecutive index ,

the determinants differ by I ✗ 9
-r

.

☐



Now
,
we check the effect of the

Reideneiseer moves to the Alexander

matrix and its determinant .

definition : Two matrices Mr >Ma are said

to be E- equivalent if it is possible to

transform one another by a sequence of

✗ . ) Multiplying a row or a column by 1-

B.) swapping the rows or columns

8- ) Adding one now or column to another

f- ) Add / remove a row and a column

where-IÉÉyiÉese is 0 :

=

= = =

1¥:* )d e f
° a b CC: : :) :
O g h i

E.) Multip-ydiu.de a column of X -



Observation :

If Mi ~ Mz then
C-

A

detC-M_k@dltCM21ok-cK.w
Claim : Equivalent Knott diagrams have

c- - equivalent Alexander matrices .

adjacent
Proof :

K :
K
'

: f
→

= → ¥¥.•

k adding 1- column ,

new : auto

1- row -

d d
f . - .

1
'

✗ - l 1 0 . . . 0u€É÷ÉÉI→i¥in



f . - .

f.
" °

°

. "
- (÷fm)'

. ] Divide rn by ✗

Multiply r,
'

by -1

Janeborder
M

i.dk ( x ) is invariant rude RI -

⇐
ÉÉ¥¥¥÷?÷=ov2.

•

.

rj
'

2 new
-

crossings
2 new regions .

cry = ✗ rg - ✗ rz
'

- rn
'
+ rz

'

era =×rÉr, '



cry = yrs - ✗ri-ri + rz
'

}era = xrz
'
- xrs - r

,
"+r
,

'

The resulting matrix :

d

✗ ⑦ 0 1
- n - 0 . . - 0÷÷:÷ ::c : I 1

i. n v

yl l

Mr delete ri and rz
'

d divide it by ✗

(
^^ ° ° " ' " °

" " " ° " " °

)01 I →
-1 -1 I - - - O

a. (: : :::)I ✓
142,3
in

0 I :O Y =
a-.

-
-

① f-[2+4
.

( rei.ie . ) .



Multiplying the first row by - 1- , we see

that the resulting matrix after RI

has the same determinant with the

matrix representing the diagram

before the move .y, .mu www.anema.gg .

and adding up the resulting first

row to the rows by multiplying
it by " suitable" coef . we again
obtain a " boundary" which can

be deleted
.

Then we have

(MZ? )det MK. -- det
=

-



1) We have discussed

DK ( X ) = Oke (X ) .
- -

Exercise : Demonstrate a reasoning

for why this equality holds .

2) How does the Alexander
'

poly .

behauesmdereveoÉ



Relation with n-coloring : 4 shortarcs

a
T
- D

-

'

A / -D '⇐←
→ G÷⇒

-✗ B
•

µ -1C ✗ = -1

µ .
C '

O

f are Col .
Assume A ,B, C ;D C- In -

- to
do = -A -113 = C - D - it ID

b- =b
a= Btc

- IFc. =
- A -D= - (A +D)

= B

.

a-

⇒ a+c= Btc
- A -D

=
- A -113-1 C- D
un

- int
b b

= 26 (mod n ) .

We find the coloring equation at this
crossing by plugging ✗ = -1 .



definition : The absolute value of

OKC -1 ) is called the determinant

of K
.

Dee (K) = / Dk C-1) / .

↳ Substitute ✗= -1 in the Alexander

matrix to find the coloring matrix .



Lecture 5 : March 6 2024

·State-sum fermula for the Alexander Polynomial

Part I : Underlying
combinatories
-

defn : A directed planor with 4 edges
-

incident to each velex is called a urivese.

& is a trefoil universe.
7

defn : A state of a corivete in an anignment
-

of one marker per verty in the forms :

*** i
so that each region in the graph receives

no more than one marker.

Thees >
* is a state of the treful.. universe .
*

Two regions that receive stars are free of markers!



Proposition
m

I knot universe with cerrings admits

(voices)
n+2 regions.

Proof : Every vertex is incident to 4 edges ·

Each edge is shared by two vertices.

Then
,
7 in total In edges in K.

Size K in a planor graph ,by sale's

famil we have

n - 2n + f = 2 .

=> f = n +2 .

Corollary :I state of a knot universe
-

&

is a bijection from its regions to its

without stars
crossings .

s : [Regions without * 3-> &crossings



-
↑ Proposition Every bot univers admits a
-

with a fixed choice of
state. adjacent star on it

closed

Pref : A circuit of a placar graph is a path

that transes each edge exactly once.

Let us call a circuit that doesn't contain

my vertices a Jordan trail. (can be considered

as a simple closed name in 112
.)

Since K is a 4-regular graph,

it admits Jordan trains. In fact , Jordan

trai of K are in 1. 1 correspondence with

states of K :

B

L - -A · B - A = B
R

&- / 3)- A
A + B

By splitting all crossings in a state
,
the Jordan

trail automatically appears.

Conversely , a choice of stars at the Jordan

trail determines a specific state :



Grow two trees , each rooted at one star :
directed

*
->

-> a⑭ - -·
* 5

* -

a state of K
a Jordon trail on K

B

One can consider of states as region-verlex

aniguments , here as permutations of the verlies

relative to an ordering of the regions.

Here
,
natural to think transposition of

permutations.

Geometric interpretation of a tranposition :

Pemovee : A state transposition !

*

-HI
B C.M B

O
-> ⑳⑲ I &

*
&

C . M
* ·

#



: A state in called a clocked state

if it admit only clockwise transportions

and counterceded if it admits only
counterdochrise tramposition .

Thm : (Clock Theorem) [FKT, Kauffman, '83]
-

LetK be a knot minete and 8 be

the set of states of K for a given choice

of adjacent fixed stars-

The I has a unique clocked state and

a unique counter-clocked state.

Any state inI can be reached from the

clocked state by a seven of clockwise

moves.

Here my the states in f are connected

by a series of still trimpositions.

· By defining S(5' wherever J a seies of
clock moves connecting 5 to S

,

8 becomes

a lattice.



Clamity state markers :

·B Alt n

D

def in : Let s be a state of K. Define
-

the sign of S by

r(s) = (1)6())

where 6(S) : = # Of black holes in S.

Recall that : Let p & Su , and let sign
of p is devoted by Se(p). Then ,

syn(p) = (- 1) where t is the # If

transperitilen to turn p in to eve

identity permutation : (1) ... (n) .

Each stile corresponds to a permutation !

temma : Let S and 5 be statle of an overtic-

universe so thatI is obtained from S by

one transposition. Then

syn(s) = - sgn(S).



Preof :

# #k
- >--IBf W

W

-
=> w(s) = 0 (5) .

Proposition : 8
,
collection of state of K.
-

P : 8 -> Sn , a permutation arrigument

for 8. The , the signs of the states agree

With the signs of their corresponding permutatione.

i.I

U(S) = sgn(P(S) .

Proof : Choose the ordering of vertice and regions

of K so that the region-retex asignment
Ri -> V; i= 1... M

corresponds to a state So and so that

~ (S0) = 1
.



Clearly so corresponds to the id permutation

and 80,
u(50) = sqn(P(50)) = 1 -

By the clock theorems by
other states

in 8 can be reached from So by a

sequence of
check moves

Cor state transpositions). Let t be the number

of such clock moves. The by the precious

lenma
r(s) = (1)

+

and since state transpositions -> perm . Transp
P

syn (P(s))
= (1) + .

· r(s) = sqn (P(SL) .

o -
End of the 1st lecture --



atII : Forming the state-sum

Now
,
consider an oriented knot diagram K

.

Consider the weights :
X

- I

-
" , -- X -
I I

t -

Remenke
, for an nxn square matix M

Det M = E syn (p) ipli -

peSn

Est observation :

Het ↑ is the Alexander matrix of K with n↑

crossings and two regions endowed with stars-
adj.

Let s be a state of the univers of K
and

P
be the corresponding permutation.

Observe :

n

T a ;
P (i)
I
Fi weight of the state mater ins

i = 1
i= 1 at the crossing ci

= <KIS >
& devote this pract by this

And we already how

syn(p) = r(s)

Ecrolz .)=See CK



Day 4 : Mock Alexander Polynomials

Q I : Can we change the labeling and get rid

of the sign calculation ?

Mes .

Q II : Can me generalize the state-sum polynomical

to other knotted objects ?

Yes.

Part I : Changing the labeling
Let

z

Bn W-& - B

y- DYD

Claim : To gotIn invariant WB = 1 and

u = D = 1 .

Proof : Check the behavior under Reidemeister moves.

For ex: W

↳ - * #
X B

B( -> * =z
& & D

+-n

& - %6C t BW = 1
*↳ -*
N



Changing the labeling so that sign are absorbed :

x -si,- S S - 1↳ --S- 1 ↳-I I

How to generalize the state-sum to other

knotted objects :

Some Results from Euler's Formula
-

Prop : Yet is be the universe of a connected

diagram witha crossings,

tightly embedded in a surface of gaus g.

We have :

it IfIt is the minose of a link diagram,

then f-n = 2-29.

Of : n 4-valet verlices
=> In edges

Euler's femula

n - 2n + f = 2 - 29(=) f - n = 2- 28 .

Cor : If a link diagram is enbedded in Th

=> F = n .



ii) IfIt is the
universe of a

linkoid diagram will m
knotaic

components ever ,

f- n =
2 - 29 - m .

Proof : x+ 2m verizes => 22 + m edges.

↓

1-valent

=> ( +2m) - (2n
+m) +f = 2

-29 .

E . F

c - - n +m + f = 2 - 29-

-> F-n = 2
- 29 - m .

Torollary : If
9 =

0 and on = 2

then f= H .

Cardboy : If 941
the n > f Fm31.

degn : If I
has the properly

f =n

Where n = # of 4-valent
vertices and

f = # of faces of the universe of 1

ther I is called admissablee.



⑭ ·g
=

Two admissable diagram

what if I is non-admissable ?

purpose : To defie the state-sum on

connected diagram.
any

defini A starred link or
linkoid diagram

-

~

is a
link/linkoid diagram

that is

endowed with stars at its regions or
crossing

so that fin is satisfied for

region and casings
without stars .

*

ex &- E &
*

- :- -
-/ < 1 T

C
· -wo E --->

O/ i * I
Al --c ro② · Co

.
' / i' L⑱\ - ~-

-/ / /
@ *
- · -

⑦\
C
-

&

4 vreicel
=> Star 2 crossings

2 fac



starred diagrams the considered up to

star-equivalence , so the following moves are

not allowed :

-
-*

- -
-

Lz - b ↑- -/uT
- - 3

~y don't we allow this?

O-

Y-
NOTE starred knots can be considered as
-i

knots in handlebodies .

But for 1-1 correspondence
,
need to gueralize

the concept of starred Knotoid :

E ⑭Co- -S



: Let K be a starred link /linkoid

diagram- Define

Dk(w) = [ (KIs) .

s & States 28 k3

I

↑
w
-

↳ -- W- -W W- 1#- ( 1

Tk (W) is called the Moch Alexande polynomial

of K.

The
: PK (10) is an invorient of starred
-

links and
linkoiche .

Pf : exercise -
:C

NOTE : If I is a connected link diagram
-

with two of its adjacent regions starred ,

then

TK(W) gives the Conway -Alexdude

polynomial .


