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9 Singular perturbations: asymptotic expansions

© Penalization method for Dirichlet boundary conditions
— Blackboard

@ Penalization method for Neumann or Robin boundary conditions
— Notes
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Introduction

Ay = 8,u = 0.99%,,

», Freestream

& (x)

Velocity
T boundary
B ~ layer

=X

Figure: Velocity boundary layer in fluid mechanics.!

! https://help.altair.com/hwcfdsolvers/acusolve
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https://help.altair.com/hwcfdsolvers/acusolve/topics/acusolve/training_manual/basic_boundary_layer_theory_r.htm

Introduction

Other examples of singularly perturbed problems (¢ > 0 is a small parameter):

@ Convection-diffusion-reaction problem
—eAue + b(x,ue) - Vue + f(x,u:) =0, x€Q
u:(x) =0, xe€9Q.

@ Problem of a thin beam

sug) —ul = )\ng, 0<x<1
ue(0) = ue(1) = ul(0) = ul(1) = 0.
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Overview

© Singular perturbations: examples and concepts
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Singular perturbations

We consider a family of perturbation problems with a small parameter e:
P.(x,u®,0¢u,--+ ;) =0.
Formally, when € — 0, we have the following limit problem:

Po(x, uo,axuo, ---)=0.
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Singular perturbations

We consider a family of perturbation problems with a small parameter e:
P.(x,u®,0¢u,--+ ;) =0.
Formally, when € — 0, we have the following limit problem:

Po(x, uo,axuo, ---)=0.

Definition (Singular perturbation)
Let P be a differential operator in R, n > 1, in the form,

P(x,D) = Z a.(x)D%, as # 0 for some |a| = m,

la|<m
where we use multi-index notation. deg(P) = m.

@ deg (Po) < deg (P-): singular perturbation problems
@ deg (Po) = deg (P:): regular perturbation problems
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Examples

7u;/+su5:f, 0<x<1,
ue (0) = ug (1) = 0.
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Examples

7u;/+su5:f, 0<x<1, 7su;/+ug:f, 0<x<1,
ue (0) = ug (1) = 0. ug (0) = ug(1) = 0.
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Examples

7u;/+su5:f, 0<x<1, {7sug+u5:f, 0<x<1, {75u;/7u;:f, 0<x<1,

{UE(O) = ueg(1) =0. ue(0) = ue (1) = 0. ue(0) = ue(1) = 0.
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Examples

{7u;/+su5:f, 0<x<1, {7sug+u5:f, 0<x<1, {75u;/7u;:f, 0<x<1,

ue (0) = ug (1) = 0. ug (0) = ug(1) = 0. ue (0) = ug (1) = 0.
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Examples

—u feue=f, 0<x<1, —eu fue=f 0<x<1, —eu! —ul=f, 0<x<1,
ue(0) = ue(1) = 0. ug (0) = ue(1) = 0. ue(0) = ue(1) = 0.
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Reaction-diffusion equations in 1D

Let f € L?(0,1), we consider the following model problem:

(1)

—eul +u.=f, 0<x<1,
u:(0) = u-(1) =0.
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Reaction-diffusion equations in 1D

Let f € L?(0,1), we consider the following model problem:

(1)

—eul +u.=f, 0<x<1,
u:(0) = u-(1) =0.

Variational formulation:

Find u. € Hy(0,1) such that Vv € Hg(0,1),

1 1 1 (2)
5/ u;v'—i—/ uev:/ fv.
0 0 0
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Reaction-diffusion equations in 1D

Let f € L?(0,1), we consider the following model problem:
—eul +u.=f, 0<x<1,
u:(0) = u-(1) =0.
Variational formulation:

Find u. € Hy(0,1) such that Vv € Hg(0,1),

1 1 1 (2)
5/ u;v'—i—/ usv:/ fv.
0 0 0

There exists a unique solution u. € Hg(0,1) of (2) using the Lax-Milgram theorem. We
are interested in the limit when € — 0.
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Reaction-diffusion equations in 1D

Convergence by energy methods and weak convergence

The solution u. of (1) converges in L?(0,1), when & — 0, to uy = f.

Proof.
By taking v = u. in (2) and using Cauchy-Schwarz, we obtain

! 1 1
ellllFa0,y + el o0y = /0 fuie < [1Fll 2o lleell 20y < S11FIE20,0) + 51 lE20.2)-
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Reaction-diffusion equations in 1D

Convergence by energy methods and weak convergence

The solution u. of (1) converges in L?(0,1), when & — 0, to uy = f.

Proof.
By taking v = u. in (2) and using Cauchy-Schwarz, we obtain

! 1 1
ellllFa0,y + el o0y = /0 fuie < [1Fll 2o lleell 20y < S11FIE20,0) + 51 lE20.2)-

Thus
EHUQH%?(OJ) + H“sH%?(o,U = Hinz(oJ)'

It follows that \/zu’ and u. are bounded in L2(0,1) independently of . There exists a subsequence
e’ — 0 and up € L?(0,1) such that

U — up in L2(0,1).
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Reaction-diffusion equations in 1D

Convergence by energy methods and weak convergence

The solution u. of (1) converges in L?(0,1), when & — 0, to uy = f.

Proof.

By taking v = u. in (2) and using Cauchy-Schwarz, we obtain

! 1 1
ellllFa0,y + el o0y = /0 fuie < [1Fll 2o lleell 20y < S11FIE20,0) + 51 lE20.2)-
Thus
!

5““5“%2(0,1) + H“sH%?(o,U = Hinz(oJ)'

It follows that \/zu’ and u. are bounded in L2(0,1) independently of . There exists a subsequence
e’ — 0 and up € L?(0,1) such that

U — up in L2(0,1).

Passing to the limit in (2), we obtain Vv € H}(0,1), fol upv = fol fv. By density of H3(0,1) in
L2(0,1), the equality holds for every v € L2(0,1) and up = f in L2(0,1).
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Reaction-diffusion equations in 1D

Convergence by energy methods and weak convergence

The solution u. of (1) converges in L?(0,1), when & — 0, to uy = f.

Proof.
By taking v = u. in (2) and using Cauchy-Schwarz, we obtain

! 1 1
ellllFa0,y + el o0y = /0 fuie < [1Fll 2o lleell 20y < S11FIE20,0) + 51 lE20.2)-
Thus
!

5““5“%2(0,1) + H“sH%?(o,U = Hinz(oJ)'

It follows that \/zu’ and u. are bounded in L2(0,1) independently of . There exists a subsequence
e’ — 0 and up € L?(0,1) such that

U — up in L2(0,1).
Passing to the limit in (2), we obtain Vv € H}(0,1), fol upv = fol fv. By density of H3(0,1) in
L2(0,1), the equality holds for every v € L2(0,1) and up = f in L2(0,1).
We can show that the weak convergence is valid for the whole sequence ¢ — 0. It follows
2 2 2
€ ””;HLZ(OJ) +[lus = ”OHLZ((M) = (f, ue) — 2 (u=, uo) + H”0”L2(0,1)

= (f,u0) — [[uoll32(01) = O,

hence the strong convergence in L?(0,1).

Bouchra iali Singular perturbations and boundary layers June 17-20, 2024 CIRM 9/42



Reaction-diffusion equations in 1D

Thickness of the boundary layer, approximate solution, approximate correctors

The limit solution does not satisfy the same boundary conditions as u. if £(0) # 0 or
f(1) # 0. For instance, if f € H*(0,1) but not in H3(0,1) then uc(0) = 0 - uo(0) or
u-(1) = 0 - u(1). Since H*(0,1) < C°([0,1]), ue - uo in H*(0,1).

The most important difference between u. and wug is thus localized in a thin part of the
domain, and we expect sharp transitions of u. at the boundaries which lead to the
so-called boundary layers.
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Reaction-diffusion equations in 1D

Thickness of the boundary layer, approximate solution, approximate correctors

The limit solution does not satisfy the same boundary conditions as u. if £(0) # 0 or
f(1) # 0. For instance, if f € H*(0,1) but not in H3(0,1) then uc(0) = 0 - uo(0) or
u-(1) = 0 - u(1). Since H*(0,1) < C°([0,1]), ue - uo in H*(0,1).

The most important difference between u. and wug is thus localized in a thin part of the
domain, and we expect sharp transitions of u. at the boundaries which lead to the
so-called boundary layers.

An approximation of the solution is given by

b (x) ~ uo(x)—i—@’(%) +9'(1;—lx) 3)

where 0 < no,m1 < 1, 0"(€) o 0 and j—;@’”(&) o 0.
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Reaction-diffusion equations in 1D

Thickness of the boundary layer, approximate solution, approximate correctors

The limit solution does not satisfy the same boundary conditions as u. if £(0) # 0 or
f(1) # 0. For instance, if f € H*(0,1) but not in H3(0,1) then uc(0) = 0 - uo(0) or
u-(1) = 0 - u(1). Since H*(0,1) < C°([0,1]), ue - uo in H*(0,1).

The most important difference between u. and wug is thus localized in a thin part of the
domain, and we expect sharp transitions of u. at the boundaries which lead to the
so-called boundary layers.

An approximation of the solution is given by

b (x) ~ uo(x)—i—@’(%) +9'(1;—lx) 3)

where 0 < no,m1 < 1, 0"(€) o 0 and j—;@’”(&) o 0.

@ 10, m1: thickness of the boundary layers
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Reaction-diffusion equations in 1D

Thickness of the boundary layer, approximate solution, approximate correctors

The limit solution does not satisfy the same boundary conditions as u. if £(0) # 0 or
f(1) # 0. For instance, if f € H*(0,1) but not in H3(0,1) then uc(0) = 0 - uo(0) or
u-(1) = 0 - u(1). Since H*(0,1) < C°([0,1]), ue - uo in H*(0,1).

The most important difference between u. and wug is thus localized in a thin part of the
domain, and we expect sharp transitions of u. at the boundaries which lead to the
so-called boundary layers.

An approximation of the solution is given by

b (x) ~ uo(x)—i—@’(%) +9'(1;—lx) 3)

where 0 < no,m1 < 1, 0"(€) o 0 and j—;@’”(&) o 0.

@ 10, m1: thickness of the boundary layers

@ 0',0": approximate correctors
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Reaction-diffusion equations in 1D

Thickness of the boundary layer, approximate solution, approximate correctors

() ~ () +0' () +0/ () *)

m
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Reaction-diffusion equations in 1D

Thickness of the boundary layer, approximate solution, approximate correctors

u()~uo(x)+9( )+9( —X) (4)

m

@ Near x =0, we neglect ":

ul (x) = ug (x) + (9 )”(770)
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Reaction-diffusion equations in 1D

Thickness of the boundary layer, approximate solution, approximate correctors

ue (x )Nuo(x)+9( )+9( mX) @

@ Near x =0, we neglect ":

ul (x) = ug (x) + (9 )”(770)

Thus, the equation (1) becomes

—eull(x) — (9)“( )+u0(x)+a(0)
() o (5) =0

f'

Q
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Reaction-diffusion equations in 1D

Thickness of the boundary layer, approximate solution, approximate correctors

ue (x )Nuo(x)+9( )+9( mX) @

@ Near x =0, we neglect ":

ul (x) = ug (x) + (9 )”(770)

Thus, the equation (1) becomes

—eug (x) — —(9 )”( )—I—uo(x)—l—a ( 0) ~f

- +o'(X)=o0
’r]O( ) (’I]o) (’I]o)
Interesting choice: 1o = /. Then 0'(¢) = Aye* + A_e * = A_e 5. (o) — o)

£— o0
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Reaction-diffusion equations in 1D

Thickness of the boundary layer, approximate solution, approximate correctors

ue (x )Nuo(x)+9( )+9( mX) @

@ Near x =0, we neglect ":

ul (x) = ug (x) + (9 )”(770)

Thus, the equation (1) becomes

—eug (x) — (9)“( )—I—uo(x)—l—a( O)zf

Sy (E) () -0

Interesting choice: 7o = v/. Then 8'(¢§) = AL e+ A_e S = A_e 5. (o(e) 3 0)
From u.(0) =0, we get A_ = —up(0).
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Reaction-diffusion equations in 1D

Thickness of the boundary layer, approximate solution, approximate correctors

u()~uo(x)+9( )+9( —X) (4)

m

@ Near x =0, we neglect ":

ul (x) = ug (x) + (9 )”(770)

Thus, the equation (1) becomes

—eug (x) — —(9 )”( )—I—uo(x)—l—a ( 0) ~f

Sy (E) () -0

Interesting choice: 1o = /. Then 0'(¢) = Ae® + A_e ¢ = A_e 5. (¢'e) 3 0)
From u.(0) =0, we get A_ = —up(0).
@ Near x = 1, we neglect ¢'. Similarly, we get

_% 0’)”(1;1’() +0’(1;—1X) =0
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Reaction-diffusion equations in 1D

Thickness of the boundary layer, approximate solution, approximate correctors

u()~uo(x)—|—9( )+9( —X) (4)

m

@ Near x =0, we neglect ":

ul (x) = ug (x) + (9 )”(770)

Thus, the equation (1) becomes

—eug (x) — —(9 )”( )—I—uo(x)—l—a ( 0) ~f

Sy (E) () -0

Interesting choice: 1o = /. Then 0'(¢) = Ae® + A_e ¢ = A_e 5. (¢'e) 3 0)
From u.(0) =0, we get A_ = —up(0).
@ Near x = 1, we neglect ¢'. Similarly, we get

o) () o () =0

Interesting choice: 11 = /€. Then 0(¢) = Bye* + B_e ¢ =B_e™¢
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Reaction-diffusion equations in 1D

Thickness of the boundary layer, approximate solution, approximate correctors

e (x )~uo(x)—|—9( )+9( mX) (4)

@ Near x =0, we neglect ":

ul (x) = ug (x) + (9 )”(770)

Thus, the equation (1) becomes

—eug (x) — (9)“( )—I—uo(x)—l—a( O)zf

- +o'(X)=o0
’r]O( ) (’I]o) (’I]o)
Interesting choice: 179 = v/. Then 8'(§) = A e + A_e S =A_e 5. (o) — o)

£— o0
From u.(0) =0, we get A_ = —up(0).
@ Near x = 1, we neglect ¢'. Similarly, we get
€ (1l —x 1 —x
——(0 +0 =0
Interesting choice: 11 = /€. Then 0(¢) = Bye* + B_e ¢ =B_e™¢
From u.(1) =0, we get B = —up(1).
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Reaction-diffusion equations in 1D

Thickness of the boundary layer, approximate solution, corrector

An approximation of the solution is given by

U (x) ~ udx)—i—@’(%) +ef(1\;;‘) 5)

where the approximate correctors near x = 0 and x = 1 are given by

9’(%) = —w(0)e 7, o[t \;EX) = —u(l)e (6)
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Reaction-diffusion equations in 1D

Thickness of the boundary layer, approximate solution, corrector

An approximation of the solution is given by

ug(x)~uo(x)+0(\[)+9( \/;‘) (5)

where the approximate correctors near x = 0 and x = 1 are given by
x — _1-x
9’(%) — _u(0)e vF, 9’(1\/gx) — _w(l)e v (6)

We localize the approximate correctors near the corresponding boundary, by introducing
a smooth cut-off function ¢ such that o(x) =1 in [0,1/4] and supp(c) = [0,1/2] and
define the corrector

1—x

NG )0(1 —x). @)

0.(x) =0 ( o(x) + e’(

%)
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Reaction-diffusion equations in 1D

Error function

We are interested in the error function w. = u. — (uo + 6:).
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Reaction-diffusion equations in 1D

Error function

We are interested in the error function w. = u. — (uo + 6:).
Note that

-0/ +0. =R, 0<x<1, ®)
0. = —uo, at x=0,1
where

RE(X):fEGI(%)U (X)725\1[( )(\L[) (x)fs Ca% (\[)a(x)
—gGr(l\}) o"(1—x) — %( )( f) '(1—X)—5%(0')"(1\;5)()0(1—@
N

:7501(%)0 (x) — 257(0) (\/’)UI(X)
(

\/gx)aﬁ(l —x) - zg%(e') (1\2)0,(1 — ).
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Reaction-diffusion equations in 1D

Error function

We are interested in the error function w. = u. — (uo + 6:).
Note that

-0/ +0. =R, 0<x<1, ®)
0. = —uo, at x=0,1
where

RE(X)27501(%)0"&)725%(0) (\[) (X)fs Ca% (\[)a(x)
e( 7 Yo ”(1-@-%%(9')'( \;gx)al(l—x)—5%(0')"(1\;5)()0(1—@
+0()ot)+ 0 (2ot
7759(7) '(x) - 257(0)(\[) o' (x)
1

—56"( \;g )a”(l—x)—Zs\/g(Q’)'( \;g )a'(l—x).

Estimate of the remainder :

o
Since o’ =¢”" =0near x=0and x =1 and £ f — 0 for § > 0, we obtain

||RE||L2(0,1) < C5 .
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Reaction-diffusion equations in 1D

Error function

We deduce

{—5w;’—|—w€:su(')'—RE:sf”—RE, 0<x<1, ©)

w: =0, at x=0,1
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Reaction-diffusion equations in 1D

Error function

We deduce
—ew! +w. =euy —R.=ef" =R, 0<x<1,
We :07 atX:O,].

Multiplying by we and integrating by parts, we obtain (assuming f” € L?)

EHW;”i?(O,l) + ||W6Hi2(0,1) < 5||f”||L2(o,1)HWsHL2(0,1) + ||RsHL2(0,1)||WeHL2(o,1)

< C5||W6HL2(0,1)
C2 2 1 2
S 5eTt §||We\|L2(o,1)

Bouchra Bensiali Singular perturbations and boundary layers June 17-20, 2024 CIRM
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Reaction-diffusion equations in 1D

Error function

We deduce

(9)

—ew! +w. =euy —R.=ef" =R, 0<x<1,
WE:07 atX:O,].

Multiplying by we and integrating by parts, we obtain (assuming f” € L?)

EHW;”i?(O,l) + ||W6Hi2(0,1) < 5||f”||L2(o,1)HWsHL2(0,1) + ||RsHL2(0,1)||WeHL2(o,1)

< C5||W6HL2(0,1)
C2 2 1 2
S 5eTt §||We\|L2(o,1)

hence

2 2 2
5||WslHLZ(o,1) + ||W€||L2(0,1) < Cen
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Reaction-diffusion equations in 1D

Error function

We deduce

{—5w;’—|—w€:su(')'—RE:sf”—RE, 0<x<1, ©)

w: =0, at x=0,1

Multiplying by we and integrating by parts, we obtain (assuming f” € L?)

EHW;”i?(O,l) + ||W6Hi2(0,1) < 5||f”||L2(o,1)HWsHL2(0,1) + ||RsHL2(0,1)||WeHL2(o,1)

< C5||W6HL2(0,1)
C2 2 1 2
S 5eTt §||We\|L2(o,1)

hence
2 2 2
5||WslHLZ(o,1) + ||W€||L2(0,1) < Cen
It follows, since w, € H&(O, 1), that

||W€HL2(0,1) < Ce.
[wellpr0,1) < CVe.
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Reaction-diffusion equations in 1D

Assume that f € H?(0,1). Let u., ug be the solutions of

—eul +u.=f, 0<x<I,
(10)
u:(0) = ue(1) =0,
and
u=1Ff, 0<x<1,
. .. (11)
without boundary conditions,

respectively and 6. be defined in (7). Then there exists a constant C > 0 independent

of € such that
[lue = (o + 86)”1_2(0,1) < Ce,

llue = (o + 02)ll 101y < CVE.
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Reaction-diffusion equations in 1D

Assume that f € H*(0,1). Let u., uy be the solutions of

—eul +u.=f, 0<x<I,
(10)
u:(0) =u(1)=0
and
ue=1Ff, 0<x<1,
. .. (11)
without boundary conditions,

respectively and 0. be defined in (7). Then there exists a constant C > 0 independent

of € such that
[lue = (o + 86)”8(0,1) < Ce,

e = (o + 0oy < CVE-

\

We can show the same result for the approximation using approximate correctors, i.e.
replacing 6. by 6’ ( ) +0'( ﬁ)
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Convection-diffusion equations in 1D

Let f € L?(0,1), we consider the following model problem:

(12)

—eul —ul=f, 0<x<1,
u:(0) = u-(1) =0.
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Convection-diffusion equations in 1D

Let f € L?(0,1), we consider the following model problem:

(12)

—eul —ul=f, 0<x<1,
u:(0) = u-(1) =0.

Variational formulation:

Find u. € Hy(0,1) such that Vv € Hg(0,1),

1 , 1 1 (13)
5/ ulv —/ u;v:/ fv.
0 0 0
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Convection-diffusion equations in 1D

Let f € L?(0,1), we consider the following model problem:

{su;’u;f, 0<x<1, (12)

u:(0) = u-(1) =0.
Variational formulation:

Find u. € Hy(0,1) such that Vv € Hg(0,1),

1 , 1 1 (13)
5/ ulv —/ u;v:/ fv.
0 0 0

There exists a unique solution u. € H3(0,1) of (13) using the Lax-Milgram theorem.
We are interested in the limit when € — 0.
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Convection-diffusion equations in 1D

Formally, the limit problem is obtained by setting ¢ = O:

—uy=f, 0<x<1. (14)
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Convection-diffusion equations in

Formally, the limit problem is obtained by setting ¢ = O:

—uy=f, 0<x<1. (14)

Since it is a first-order PDE (transport equation), we need to impose one boundary
condition, but on which boundary?
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Convection-diffusion equations in 1D

Let us assume the following ansatz for the approximation:

U (x) ~ uo(x)+9’(%) +e’(17;lx) (15)
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Convection-diffusion equations in 1D

Let us assume the following ansatz for the approximation:

U (x) ~ uo(x)+9’(%) +e’(17;lx) (15)

@ Near x = 0, we neglect 6", thus the equation becomes

it 50 (3) i 20r(3) =
Int X 1 I X
7@ (Go) 5@ () =0
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Convection-diffusion equations in 1D

Let us assume the following ansatz for the approximation:

U (x) ~ uo(x)+9’(%) +e’(17;1x) (15)

@ Near x = 0, we neglect 6", thus the equation becomes
" E ol [ X ’ 1 (X
—eug (x) — = (0 (—)—ux——@ (—)
0 (x) p ) p” 0(x) 770( ) -

() Az <o

Interesting choice : no = ¢. Then 0'(¢) = A+ A_e ¢ = A_e ¢,
From u:(0) =0, we get A_ = —uo(0).

f

Q
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Convection-diffusion equations in 1D

Let us assume the following ansatz for the approximation:

u()Nuo(x)+e(n)+e'( —X) (15)

m

@ Near x = 0, we neglect 6", thus the equation becomes

e 07 () s L0 (3)

() Az <o

Interesting choice : no = ¢. Then 0'(¢) = A+ A_e ¢ = A_e ¢,
From u:(0) =0, we get A_ = —uo(0).

@ Near x =1, we neglect ¢'. Similarly, we get

m(e)"( o %)+ —( y(* mx):o

f

Q
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Convection-diffusion equations in 1D

Let us assume the following ansatz for the approximation:

U (x) ~ uo(x)+9’(%) +e’(17;1x) (15)

@ Near x = 0, we neglect 6", thus the equation becomes
" E ol [ X / 1 (X
—eug (x) — = (0 (—)—ux——@ (—)
0 (x) p ) p” 0(x) 770( ) -

E i X 1 /X
0r(2)-2r(2) o
173( ) m no( ) o
Interesting choice : no = ¢. Then 0'(¢) = A+ A_e ¢ = A_e ¢,
From u:(0) =0, we get A_ = —uo(0).
@ Near x =1, we neglect ¢'. Similarly, we get

—SO) () + o) () =0

n m

f

Q

Interesting choice : m1 = e. Then 0°(§) = By + Bye* = 0.
— No boundary layer at x = 1.
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Convection-diffusion equations in 1D

The limit problem is

{—u(’):f, 0<x<1 (16)

w(l)=0, atx=1.
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Convection-diffusion equations in 1D

An approximation of the solution is given by

ue(x) & uo(x) +0(§) (17)

where the approximate corrector near x = 0 is given by

9(;5) = —up(0)e <. (18)
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Convection-diffusion equations in 1D

An approximation of the solution is given by

ue(x) & uo(x) +0(§) (17)

where the approximate corrector near x = 0 is given by

9(;5) = —up(0)e <. (18)

We localize the approximate corrector near the corresponding boundary, by introducing a
smooth cut-off function o such that o(x) =1 in [0,1/4] and supp(c) = [0,1/2] and
define the corrector

0.(x) = G(f)a(x). (19)
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Convection-diffusion equations in 1D

We are interested in the error function w. = u. — (uo + 6:).
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Convection-diffusion equations in 1D

We are interested in the error function w. = u.

= — (Llo + 05)
Note that
—e0! — 0. = R., 0<x<1,
0:(0) = —uo(0) atx=0

0:(1)=0=—u(l) atx=1
where
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Convection-diffusion equations in 1D

We are interested in the error function w. = u.
Note that

—e0 — 0. = Re,
0(0) = —uo(0)
95(1) =0= —U()(].)

where

R.(x) =— sﬁ(g)a"(x) = 26%9'(5)0'

0(Z)7 i@’(lg)

Estimate of the remainder :

Since ¢’ = o”

=0 near x =0 and -

7 (2700 -

— 0 for 6 > 0, we obtain

— (Llo + 05)

0<x<1,
atx =0
atx=1

(20)
(x) — 56—129" (g)a(x)

/(Z)7

||Rs||L2(o,1) < Ce".
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Convection-diffusion equations in

Error function

We deduce

" ’ " /
—ew, —w. =¢cuy —R.=—ef —R., 0<x<1,
{ Y= R : o1

w: =0, at x=0,1
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Convection-diffusion equations in

Error function

We deduce

(21)

—ew! —w!=cuj —R.=—ef =R, 0<x<1,
w: =0, at x=0,1

Since multiplying by w. and integrating by parts removes the term fol wiw. =0, we
multiply by e*w. instead, we obtain (assuming f’ € L?)

1 1 1 1
—5/ wé’wsex—/ wiw.e* = —5/ f’wsex—/ R-w.e*
Jo Jo Jo Jo
1 1
5/ wé(wgex)'Jr/
0 0
1 1 1
2
s/ (wl) ex+s/ ws'wgeXJr/
o 0 0

2 1-¢ 2 x x
EHWS/HLQ(O,I) + THWE|IL2(O,1) <ellf'll iz Iweelliz.n) + IRl 2.1 weell 20.1)

S

N‘(,’s“ ¥
s

2 1-¢ 2
EHWElHLz(O,l) + R llwe 20,1y < Cellwelliz(0,1)

2 1—¢ 2 20, 1 2
EHWSIHLZ(O,I) +—=- Iwell2o1) < Ce” + ZHWSHLZ(O.I)
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Convection-diffusion equations in

Error function

We deduce

(21)

—ew! —w!=cuj —R.=—ef =R, 0<x<1,
w: =0, at x=0,1

Since multiplying by w. and integrating by parts removes the term fol wiw. =0, we
multiply by e*w. instead, we obtain (assuming f’ € L?)

1 1 1 1
—5/ wé’wsex—/ wiw.e* = —5/ f’wsex—/ R-w.e*
Jo Jo Jo Jo
1 1
5/ wé(wgex)'Jr/
0 0
1 1 1
2
s/ (wl) ex+s/ ws'wgeXJr/
o 0 0

2 1-¢ 2 x x
EHWS/HLQ(O,I) + THWE|IL2(O,1) <ellf'll iz Iweelliz.n) + IRl 2.1 weell 20.1)

S

N‘(,’s“ ¥
s

2 1-¢ 2
EHWElHLz(O,l) + R llwe 20,1y < Cellwelliz(0,1)

2 1—¢ 2 20, 1 2
EHWSIHLZ(O,I) +—=- Iwell2o1) < Ce” + ZHWSHLZ(O.I)

hence

— 2

ellwl 01y + THWEHi?(UJ) < Ce
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Convection-diffusion equations in

Error function

We deduce

(21)

—ew! —w!=cuj —R.=—ef =R, 0<x<1,
w: =0, at x=0,1

Since multiplying by w. and integrating by parts removes the term fol wiw. =0, we
multiply by e*w. instead, we obtain (assuming f’ € L?)

1 1 1 1
—5/ wé’wsex—/ wiw.e* = —5/ f’wsex—/ R-w.e*
Jo Jo Jo Jo
1 1
5/ wé(wgex)'Jr/
0 0
1 1 1
2
s/ (wl) ex+s/ ws'wgeXJr/
o 0 0

2 1-¢ 2 x x
EHWS/HLQ(O,I) + THWE|IL2(O,1) <ellf'll iz Iweelliz.n) + IRl 2.1 weell 20.1)

S

N‘(,’s“ ¥
s

2 1-¢ 2
EHWElHLz(O,l) + R llwe 20,1y < Cellwelliz(0,1)

2 1—¢ 2 20, 1 2
EHWSIHLZ(O,I) +—=- Iwell2o1) < Ce” + ZHWSHLZ(O.I)

hence

1-2¢
4

2 2 2
EHWE,HLz(U,l) + HWEHLZ(UJ) < Cet
It follows, since w. € H3(0,1) and € < 1, that

[Iwe | 20,1y < Ce.
lwe |10,y < CVE.
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Convection-diffusion equations in 1D

Assume that f € H*(0,1). Let u., uy be the solutions of

—eul —u.=f, 0<x<I,
(22)
u=(0) = ue(1) =0,
and )
—up=1Ff, 0<x<1,
; (23)
UO(l) = O,

respectively and 6- be defined in (19). Then there exists a constant C > 0 independent
of € such that
llue = (o + 96)”1_2(0,1) < Ce,

[lue = (o + 96)”;—/1(0,1) < Gy
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Convection-diffusion equations in 1D

Assume that f € H*(0,1). Let u., uy be the solutions of

{—Eug—ung, 0<x<1,

u:(0) = u:(1) =0, (22)
and
—upy="Ff, 0<x<1,
{UO(l) = 0, (23)

respectively and 0. be defined in (19). Then there exists a constant C > 0 independent
of € such that

llue = (o + 96)”1_2(0,1) < Ce,
[lue = (o + 95)”;—/1(0,1) = C/e

We can show the same result for the approximation using the approximate corrector, i.e.
replacing 6= by 6(%).

w.
—Y—_—=———=— = ~
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Other model problems in 1D

Let f € L?(0,1), we consider the following model problem:?

(24)

—€U£4)—|—u;:f, 0<x<1,
u:(0) = ul(0) = u:(1) = ul(1) = 0.

2Couches limites en Océanographie - Anne-Laure Dalibard - Une question, un
chercheur (2019) : https://www.carmin.tv/fr/speakers/anne-laure-dalibard
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Other model problems in 1D

Let f € L?(0,1), we consider the following model problem:?

(24)

—€U£4)—|—u;:f, 0<x<1,
u:(0) = ul(0) = u:(1) = ul(1) = 0.

Variational formulation:

Find u. € H3(0,1) such that Vv € H3(0,1),

! "o ! / ! (25)
—s/ uz v +/ uEv:/ fv.
0 0 0

2Couches limites en Océanographie - Anne-Laure Dalibard - Une question, un
chercheur (2019) : https://www.carmin.tv/fr/speakers/anne-laure-dalibard
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Other model problems in 1D

Let f € L?(0,1), we consider the following model problem:?

—€U£4) +ul=f, 0<x<1, (24)
u:(0) = ul(0) = u:(1) = ul(1) = 0.
Variational formulation:

Find u. € H3(0,1) such that Vv € H3(0,1),

! "o ! / ! (25)
—s/ uz v +/ uEv:/ fv.
0 0 0

There exists a unique solution u. € H3(0,1) of (25) using the Lax-Milgram theorem.
We are interested in the limit when ¢ — 0.

2Couches limites en Océanographie - Anne-Laure Dalibard - Une question, un
chercheur (2019) : https://www.carmin.tv/fr/speakers/anne-laure-dalibard
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Other model problems in 1D

Let f € L?(0,1), we consider the following model problem:?

(24)

—€U£4)—|—u;:f, 0<x<1,
u:(0) = ul(0) = u:(1) = ul(1) = 0.

Variational formulation:

Find u. € H3(0,1) such that Vv € H3(0,1),

! "o ! / ! (25)
—s/ uz v +/ uEv:/ fv.
0 0 0

There exists a unique solution u. € H3(0,1) of (25) using the Lax-Milgram theorem.
We are interested in the limit when ¢ — 0.

Establish the limit problem and a convergence result using the boundary layer approach. \

2Couches limites en Océanographie - Anne-Laure Dalibard - Une question, un
chercheur (2019) : https://www.carmin.tv/fr/speakers/anne-laure-dalibard
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Overview

9 Singular perturbations: asymptotic expansions
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Asymptotic expansions

Reaction-diffusion equation

An approximation of the solution was given by

X

U (x) & wo(x) + 0a(x) = uo(x)—l—Gl(\/g)a(X)—i—Gr( NG )0(1—x) (26)
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Asymptotic expansions

Reaction-diffusion equation

An approximation of the solution was given by

X

U (x) & wo(x) + 0a(x) = uo(x)—l—Gl(\/g)a(X)—i—Gr( NG )0(1—x) (26)

@ uo + 0.: zeroth order approximation at order &°
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Asymptotic expansions

Reaction-diffusion equation

An approximation of the solution was given by

X

U (x) & wo(x) + 0a(x) = uo(x)—l—Gl(\/g)a(X)—i—Gr( NG )0(1—x) (26)

@ uo + 0.: zeroth order approximation at order &°

@ wup: zeroth order outer solution
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Asymptotic expansions

Reaction-diffusion equation

An approximation of the solution was given by

X

U (x) & wo(x) + 0a(x) = uo(x)—l—Gl(\/g)a(X)—i—Gr( NG )0(1—x) (26)

@ uo + 0.: zeroth order approximation at order &°
@ ug: zeroth order outer solution

@ 0.: zeroth order inner solution
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Asymptotic expansions

Reaction-diffusion equation

An approximation of the solution was given by

X

ue(x) & wo(x) + 0 (x) = wo(x) + el(ﬁ)J(X) + Gr(lx_ﬁx)a(l —X)

@ uo + 0.: zeroth order approximation at order &°
@ wup: zeroth order outer solution
@ 0.: zeroth order inner solution

We generalize the asymptotic expansions in powers of ¢:

() = 3+ = 30 () + 0 22) + 5 (12))

NG

r k N
where 0/ (¢) (7, 0and 257077 (€) ;0
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Asymptotic expansions

Reaction-diffusion equation

We substitute in the reaction-diffusion equation and identify each power of ¢:

,g(zaf(u () + (D"(%) +§(9;)”(1\;;))) Za‘l(uj () + 0] (f) +0;( \;;)) —f
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Asymptotic expansions

Reaction-diffusion equation

We substitute in the reaction-diffusion equation and identify each power of ¢:

,g(zaf(u () + (D"(%) +§(9;)”(1\;;))) Za‘l(uj () + 0] (f) +0;( \;;)) —f

© Order €% —(60)"(&1) — (66)" (&) + uo(x) + bo(&) + 05(&-) = £
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Asymptotic expansions

Reaction-diffusion equation

We substitute in the reaction-diffusion equation and identify each power of ¢:

,g(zaf(u () + (D"(%) +§(9;)”(1\;;))) Za‘l(uj () + 0] (f) +0;( \;;)) —f

@ Order & —(6p)" (&) — (68)" (&) + uo(x) + 05(&1) + 06(&r) = f
uw="f
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Asymptotic expansions

Reaction-diffusion equation

We substitute in the reaction-diffusion equation and identify each power of ¢:

,6(281(1, () + (j’)”(%) +§(9;)”(1\;;))) Za‘l(uj () + 0] (f) +0;( \;;)) —f

@ Order & —(6p)" (&) — (68)" (&) + uo(x) + 05(&1) + 06(&r) = f
uw="f

—(00)" +00=0 [—(65)" +05=0
65(0) = —uo(0) 00(0) = —uo(1)
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Asymptotic expansions

Reaction-diffusion equation

We substitute in the reaction-diffusion equation and identify each power of ¢:

,6(281(1, () + (j’)”(%) +§(9;)”(1\;;))) Za‘l(uj () + 0] (f) +0;( \;;)) —f

@ Order & —(6p)" (&) — (68)" (&) + uo(x) + 05(&1) + 06(&r) = f
uw="f

—(00)" +00=0 [—(65)" +05=0
65(0) = —uo(0) 00(0) = —uo(1)

® Order &/, j > 1: —u"y — (6))" (&) — (6))" (&) + ui(x) + 0j(&) + 6(&) = 0
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Asymptotic expansions

Reaction-diffusion equation

We substitute in the reaction-diffusion equation and identify each power of ¢:

,6(281(1, () + (j’)”(%) +§(9;)”(1\;;))) Za‘l(uj () + 0] (f) +0;( \;;)) —f

@ Order & —(6p)" (&) — (68)" (&) + uo(x) + 05(&1) + 06(&r) = f
uw="f

—(00)" +00=0 [—(65)" +05=0
65(0) = —uo(0) 00(0) = —uo(1)

® Order &/, j > 1: —u"y — (6))" (&) — (6))" (&) + ui(x) + 0j(&) + 6(&) = 0

=y = )
uj=uji_; =f
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Asymptotic expansions

Reaction-diffusion equation

We substitute in the reaction-diffusion equation and identify each power of ¢:

,6(281(1, () + (j’)”(%) +§(9;)”(1\;;))) Za‘l(uj () + 0] (f) +0;( \;;)) —f

@ Order & —(6p)" (&) — (68)" (&) + uo(x) + 05(&1) + 06(&r) = f
uw="f

—(00)" +0=0 [—(6))" +65=0
05(0) = —uo(0) 05(0) = —uo(1)
@ Order &/, j > 1: —u"y — (0))"(&) — (67)" (&) + ui(x) + 0/(&) + 6](&) =0

=y = )
uj=uji_; =f

—(6;)"+6;,=0 [—(6])"+6] =0
61(0) = —u;(0) 0;(0) = —u;(1)
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Asymptotic expansions

Reaction-diffusion equation

We substitute in the reaction-diffusion equation and identify each power of ¢:

,6(281(1, () + (j’)”(%) +§(9;)”(1\;;))) Za(uj () + 0] (f) +0;( \;;)) —f

@ Order & —(6p)" (&) — (68)" (&) + uo(x) + 05(&1) + 06(&r) = f
uw="f

—(00)" +0=0 [—(6))" +65=0
05(0) = —uo(0) 05(0) = —uo(1)
@ Order &/, j > 1: —u"y — (0))"(&) — (67)" (&) + ui(x) + 0/(&) + 6](&) =0

=y = )
uj=uji_; =f

—(0)"+6,=0 [—(])" +6;=0
61(0) = —u;(0) 0;(0) = —u;(1)
We obtain 6;(¢/) = —u;(0)e and 67(&) = —uj(1)e .
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Asymptotic expansions

Reaction-diffusion equation

We localize the approximate correctors and define the correctors

030 = 0} ) o) + 0}(%

NG )a(1 ~x)
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Asymptotic expansions

Reaction-diffusion equation

We localize the approximate correctors and define the correctors

0;..(x) = 9}-(\%)0(@ + 0}(%)0(1 — %)

and

Uep = zn:ajuj-, Ocn = 2”:8"9/’5.
j=0 j=0

Bouchra Bensiali

Singular perturbations and boundary layers June 17-20, 2024 CIRM



Asymptotic expansions

Reaction-diffusion equation

We localize the approximate correctors and define the correctors

X 1-x

X r
0. (x) = Gj(ﬁ)a(x) + 0] ( NG )a(1 ~x)
and
Uep = Za"uj-, Ocn = Z&"Pj}e.
j=0 j=0
The error function at order n is

Whne = U — (Uen + asn)-
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Asymptotic expansions

Reaction-diffusion equation

We localize the approximate correctors and define the correctors

0;..(x) = 9}(%)0(@ + ej(%)au — %)

and
n n
Uen ZZéuj-, Ocn ZZ&"QJ’,E.
j=0 j=0
The error function at order n is

Whne = U — (Uen + asn)-

We are going to write the equation satisfied by wj, . in order to deduce an error estimate
with respect to €.
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Asymptotic expansions

Reaction-diffusion equation

We write the equation satisfied by each term:

u = f
— —sug,, +u, = f_ 5n+lun+l —f_ En+1f(2(n+1))

"
—Uj,1 + Uj = O
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Asymptotic expansions

Reaction-diffusion equation

We write the equation satisfied by each term:

u = f

. — —sug,, +u, = f_ En+1u"+l —f_ En+1f(2(n+1))
—Uj,1 + Uj = O

_50.;,/5 + 0/‘75 = ’?J',E - _Eeé/n + osn — Ren

Rie = —e0)(&)0” (x) - 26%(9})'(51)0'&) — e0](6)0" (1 - x) — 25%(0;)’(@)0’(1 — x).

Each R is an exponentially small term (as seen previously for j = 0), thus

| Renlli2(0,1) < Ce™.
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Asymptotic expansions

Reaction-diffusion equation

The equation for w, . is then

{swéig + Woe ="M R, 0<x<1 (28)

Wpe =0, at x =0, 1.
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Asymptotic expansions

Reaction-diffusion equation

The equation for w, . is then

—ew)e + Wpe =" R, 0<x <1 (28)
Wh,e = 07 at x = 07 1.
Multiplying by w, . and integrating by parts, we obtain
ellwaellizo,1) + IWnelli20,1) < €™ IFC 2l 20,1) [ Wnell 20,1 + [ Renlli20, lIwnc ll12(0.1)
< C5n+1|‘Wn,s

|L2(o,1)

C? nt1)
< —
5¢

1 2
+ §||Wn,a||L2(o,1)
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Asymptotic expansions

Reaction-diffusion equation

The equation for w, . is then

—EWj e + Whe = e _p o 0<x<1
Wpe =0,

28
at x =0, 1. (28)

Multiplying by w, . and integrating by parts, we obtain

5||Wr/1,a”i2(o,1) + ||Wn,s||%2(o,1) < EHHHf(2"+2)HL2(0,1)||W'7,5||L2(0,1) + ||Rsn”L2(o,1)||Wn,s||L2(o,1)

S CEn+1 H Wi

|L2(o,1)

C2 2 1 1 2
S 5¢€ by §||Wn,a||L2(o,1)

hence

2
5||er1,s||L2(O,1) + [|Wn,e

|i2(o,1) < ¢y,
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Asymptotic expansions

Reaction-diffusion equation

The equation for w, . is then

{swéig + Woe ="M R, 0<x<1 (28)

Wpe =0, at x =0, 1.

Multiplying by w, . and integrating by parts, we obtain
E||W,/1,5Hﬁ2(o,1) + ||Wn,s||%2(o,1) < EHHHf(2"+2)HL2(0,1)||Wn,s||L2(o,1) + [[Renlliz0,1) | Wl 2(0,1)
S C€n+1HWn,s

|L2(o,1)

C2 2 1 1 2
S 5¢€ by §||Wn,a||L2(o,1)

hence

6”er1,5”%2(0,1) + [|wWa,e |i2(o,1) < ¢,
It follows, since w,,. € Hy(0,1), that
[ Wn,ell20,1) < ce"tt

1
lwa,ell o,y < Ce"'z,
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Asymptotic expansions

Reaction-diffusion equation

Assume that f € H*™2(0,1). Let u. be the solution of

{—su;/—i—ung, 0<x<1, (29)

u:(0) = u:(1) = 0.
Then there exists a constant C > 0 independent of € such that

Hus - (Usn + 05”)||L2(0,1) < C8n+1,

L
HUE - (Usn + 65")||H1(0,1) < Ce T,
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Asymptotic expansions

Reaction-diffusion equation

Assume that f € H*™2(0,1). Let u. be the solution of

—eu/ +u.=f, 0<x<1,
{ (29)

ue(0) = u=(1) = 0.
Then there exists a constant C > 0 independent of € such that
HUE - (Ugn ¢ 05")||L2(0,1) S C8n+1,

|
HUE - (Usn a4 65")||H1(0,1) < Ce +2.

\

We can show the same result for the approximation using approximate correctors, i.e.

replacing 6., by
>0 o (7))

since the difference is an exponent|ally small term.
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Asymptotic expansions

Convection-diffusion equation

An approximation of the solution was given by

U (x) & to(x) + 0o(x) = uo(x) + 9(g)a(x) (30)
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Asymptotic expansions

Convection-diffusion equation

An approximation of the solution was given by

U (x) & to(x) + 0o(x) = uo(x) + 9(g)a(x) (30)

We generalize the asymptotic expansions in powers of ¢:
U (x) %Zoej(ujJrH-,E) ~ ;a(uj(x)wj(g)) (31)
J=! J=!

k
where 6;(¢) 5joo 0 and :?Gj(g) {joo 0.
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Asymptotic expansions

Convection-diffusion equation

We substitute in the convection-diffusion equation and identify each power of &:

(0 (0 + 50" (5))) - S (0 + Lap(%)) =7

=0 =0
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Asymptotic expansions

Convection-diffusion equation

We substitute in the convection-diffusion equation and identify each power of &:

(0 (0 + 50" (5))) - S (0 + Lap(%)) =7

=0 =0

© Order <% —(01)"(€) — ub(x) — 04(€) =
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Asymptotic expansions

Convection-diffusion equation

We substitute in the convection-diffusion equation and identify each power of &:

(0 (0 + 50" (5))) - S (0 + Lap(%)) =7

=0 =0

© Order <% —(01)"(€) — ub(x) — 04(€) =

—up=f —(61)" — 6, =0
Uo(].) = 0 91(0) = *U1(0)
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Asymptotic expansions

Convection-diffusion equation

We substitute in the convection-diffusion equation and identify each power of &:

(0 (0 + 50" (5))) - S (0 + Lap(%)) =7

=0 =0

@ Order €% —(61)"(€) — ub(x) — 01(6) = f
—u=f (=6 -6, =0
Uo(].) = 0 91(0) = *U1(0)

® Order &, j > 1t —u’y — (641)"(€) — uj(x) — 0:2(€) = 0
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Asymptotic expansions

Convection-diffusion equation

We substitute in the convection-diffusion equation and identify each power of &:

(0 (0 + 50" (5))) - S (0 + Lap(%)) =7

@ Order €% —(61)"(€) — ub(x) — 01(6) = f
—u=f (=6 -6, =0
Uo(].) = 0 91(0) = *U1(0)
o Order &/, > 10 —uf'y — (0-2)"(6) — 6i(x) — 0a() = 0

—ui=ul = (1) f0 —(011)" =041 =0
ui(1) =0 0j+1(0) = —uj11(0)
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Asymptotic expansions

Convection-diffusion equation

We substitute in the convection-diffusion equation and identify each power of &:

(0 (0 + 50" (5))) - S (0 + Lap(%)) =7

=0 =0

@ Order €% —(61)"(€) — ub(x) — 01(6) = f
—u=f (=6 -6, =0
Uo(].) = 0 91(0) = *U1(0)
@ Order &/, j > 1: —u 1 = (0511)"(&) — uj(x) — 0;,1(§) =0

—ui=ul = (1) f0 —(011)" =041 =0
ui(1) =0 0j+1(0) = —uj11(0)

We obtain 6;(¢) = —u;(0)e™*
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Asymptotic expansions

Convection-diffusion equation

We localize the approximate corrector and define the corrector
X
0,:(x) = 0;( 2 ) o).
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Asymptotic expansions

Convection-diffusion equation

We localize the approximate corrector and define the corrector

0;c(x) =6 (i)o(x).

€
and

Uep = is’uj, Ocn = i&ig.,s.
j=0 j=0
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Asymptotic expansions

Convection-diffusion equation

We localize the approximate corrector and define the corrector

0;c(x) =6 (i)o(x).

€
and

Uen = is’uj, Ocn = Zéig.,s.
j=0

The error function at order n is

Wne = Ue — (Usn + aan)-

We are going to write the equation satisfied by wj, . in order to deduce an error estimate
with respect to .
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Asymptotic expansions

Convection-diffusion equation

We write the equation satisfied by each term:

/
—Up = f " ’ n+1 7 n
_ _ +1 n+1 £(n+1)
// , = —eul,—ug,=Ff+e"Tup=Ff—"(-1)""fF
—Uj_1 — U = 0
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Asymptotic expansions

Convection-diffusion equation

We write the equation satisfied by each term:

/
—Up = f " ’ n+1 7 n
_ _ +1 n+1 £(n+1)
// , = —eul,—ug,=Ff+e"Tup=Ff—"(-1)""fF
—Uj_1 — U = 0

” ’ " ’
—60]"5 - ajyf = RJ',E = _Seen - asn = Ren
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Asymptotic expansions

Convection-diffusion equation

We write the equation satisfied by each term:

/
—Uozf

" ’ n+1 1 n+1 n+1 £(n+1
// , = —eul,— U, =Ff+e"upy=Ff—e""(-1) Frt)
—Uj,I — Uj =0

17 ! 1! !
—60]"5 - ajyf = RJ',E — _Seen - asn = Ren
where

Rie = ~e0,(6)0"(x) — 22266’ (x) ~ 6,(6)o ()
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Asymptotic expansions

Convection-diffusion equation

We write the equation satisfied by each term:

/
—Up = f " ’ n+l 7 n

_ _ +1 n+1 £(n+1)
" ’ = —€Ugpp— U =F+e" Uy =f—c¢ (_1) f
—Uj_1 — U = 0

” ’ " ’
—60]'15 - ajyf = RJ',E = _505n - asn = Ren

where

1
Rie = =€0;(§)0" (x) = 2e20;(§)” (x) = 6;(§)o"(x)-
Each R;. is an exponentially small term (as seen previously for j = 0), thus

| Renlli2(0,1) < Ce™.

Bouchra Bensiali Singular perturbations and boundary layers June 17-20, 2024 CIRM



Asymptotic expansions

Convection-diffusion equation

The equation for w, . is then

{—ew,',:E — w,',,i = 5"“(—1)"“1‘("“) — R, 0<x<1

32
Wpe =0, at x =0,1. ( )
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Asymptotic expansions

Convection-diffusion equation

The equation for w, . is then

—‘ew,',fE — wr/,,i = 5"“(—1)"“1‘("“) — R, 0<x<1
Wpe =0,

32
at x=0,1. (32)

Multiplying by w, .€* and integrating by parts, we obtain

1—¢

2
€||W'/1,5||L2(0,1) + THWn,s

20,1 < C"MF D20 1y Wi lli2(0,1) + CllRenllizo.ny 1 We

< C5n+1||Wn,6||L2(0,1)

1
< C22n+1) + ZHW"@H%?(O,I)
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Asymptotic expansions

Convection-diffusion equation

The equation for w, . is then

{—ew,',fE — w,',,i = 5"“(—1)"“1‘("“) — R, 0<x<1

32
Wpe =0, at x=0,1. ( )

Multiplying by w, .€* and integrating by parts, we obtain

1—¢
——l[wa,e

2
€||W'/1,5||L2(0,1) + 2

20,1 < C"MF D20 1y Wi lli2(0,1) + CllRenllizo.ny 1 We

< C5n+1||Wn,6||L2(0,1)

1
< 2t 4 *HWH,SH%?(O 1)
4 ’
hence

1—2¢

2
E”WI,LE”LZ(O,I) + 2

||Wn,a||i2(o,1) < certy

Bouchra Bensiali

Singular perturbations and boundary layers June 17-20, 2024 CIRM



Asymptotic expansions

Convection-diffusion equation

The equation for w, . is then

{—ew,',fE — w,',,i = 5"“(—1)"“1‘("“) — R, 0<x<1

(32)
Wpe =0, at x=0,1.
Multiplying by w, .€* and integrating by parts, we obtain
2 1—¢ 2 n+1| ¢(n+1
€||W'/1,5||L2(0,1) + THWn,s [20,1) < Ce * ||f( * )||L2(o,1)||Wn,s||L2(o,1) + CllRenll 20,1 IWn,e |l

< C5n+1||Wn,6||L2(0,1)

1
< 2t 4 *HWH,SH%?(O 1)
4 ’
hence

1—2¢

2
E”WI,LE”LZ(O,I) + 2

||Wn,a||i2(o,1) < cemth),
It follows, since wy,. € Hy(0,1), that
HW"7€||L2(0,1) < ce"t

1
[Wa,ell1(0,1) < Ce™z,
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Asymptotic expansions

Convection-diffusion equation

Assume that f € H™™(0,1). Let u. be the solution of

{—sug—uézf, 0<x<1, (33)

u:(0) = u:(1) = 0.
Then there exists a constant C > 0 independent of € such that

Hus - (Usn + 05”)||L2(0,1) < C8n+1,

L
HUE - (Usn + 65")||H1(0,1) < Ce T,
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Asymptotic expansions

Convection-diffusion equation

Assume that f € H™™(0,1). Let u. be the solution of

—eul —ul=f, 0<x<1,
(33)

ue(0) = u=(1) = 0.
Then there exists a constant C > 0 independent of € such that
HUE - (Ugn ¢ 05")||L2(0,1) S C8n+1,

|
HUE - (Usn a4 65")||H1(0,1) < Ce +2.

\

We can show the same result for the approximation using approximate correctors, i.e.

replacing 6., by
Jj=0

since the difference is an exponentially small term.
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Overview

© Penalization method for Dirichlet boundary conditions
— Blackboard
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Overview

@ Penalization method for Neumann or Robin boundary conditions
— Notes
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Errata

Some errors found their way into the course videos: some were corrected in the

corresponding slide, others are given/corrected below. Viewers are encouraged to find
them by themselves.
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Some errors found their way into the course videos: some were corrected in the
corresponding slide, others are given/corrected below. Viewers are encouraged to find
them by themselves.

le [} ulv'] < VElveEuLll 2]Vl < Cy/E — 0 when & — 0. (video related to slide
9)

For 9’(%) = —uo(O)efﬁ for instance, (9’)'(%) = uo(O)efﬁ since
0'(€) = —uo(0)e™%. (video related to slide 13)
Poincaré inequality was given in the wrong direction (video related to slide 22).
If we try to get something by multiplying by w. and intergating by parts
(convection-diffusion case) + using Poincaré inequality (||wel;2 < Cl|w.||;2), we
get for instance

ellwl|[f: < Cellwelle < Cel|wl] 2
which only gives ||w/||;2 < C and does not allow to conclude.
In high dimension (last video), under suitable assumptions, VW - v + aWy = g is
well posed in w if we impose the value of Wo on I_ = {x € dw, v v, <0}
(boundary part such that v is going inward) (or if we impose the value of Wy on

Mt = {x € 0w, v v, >0} (boundary part such that v is going outward)). We
cannot, in general, impose the value of Wy everywhere on dw (cf. 1d case).

Almost surely others ...
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Thank you for your attention

Feel free to send me any questions or comments



Introduction to singular perturbations and boundary
layers

Penalization method for Neumann or Robin boundary conditions

Bouchra Bensiali

August 6, 2024

A Boundary layer approach in the one-dimensional case

The one-dimensional case was studied in [I]. Here, we present an alternative proof for the convergence of the

penalization method based on a boundary layer approach adapted from the one used in [3] for Dirichlet boundary

conditions. The advantage of the boundary layer approach is that it is generalizable in higher dimension [2],
unlike the approach used in [I] which was based on the explicit computation of the solution.

We thus consider the following one-dimensional problem with Neumann or Robin boundary conditions at

r=1
" +u=f inU=]1,2
{ tu=f 11,2 W

_u/<1) + au(l) = g(l), u(2) =0,
where f € L%(]1,2[), g(1) € R and a > 0 are given. The corresponding penalized problem reads

! e+ 2 (—ul 4 aue - g(1) = (1= )f 0,2

u:(0) =0, wu(2)=0,

(2)

where ¢ > 0 is a small parameter (the penalization parameter), and x is the characteristic function of the
obstacle w = ]0, 1[. The penalized problem is equivalent to the following system

—wl +w. + é(—w; tow: —g(1)) =0 nw (32)
—U! +u.=f inU (3b)
we(1) = ve(1) (8¢
wi(1) = v (1) (3d)
we(0) =0 (3e)
v:(2) =0 (3f)

where we distinguished the solution w, inside the obstacle w = ]0, 1[ from the solution v, in the fluid domain
Uu=112].

Based on our understanding of the one-dimensional case, we consider the following ansatz for the solution
in terms of asymptotic expansions:

ve(z) = VO(x) +eVi(z) + V3 () + ...,

we(x) = W" (z, ;) + Wt (x, g) +*W? (;z:, g) +... (4)

where the profile terms inside the obstacle have the form

Wiz, 2) =W (2) + 0(x)Wi(z, 2)
where Vi, k > 0, afﬁﬂ' — 0, Vzew (5)

z—+00

and 0 € C°° () such that § = 1 in a neighborhood wy of 0 and supp(6) C [0, 4],

where 0 < < 1. This ansatz reflects the presence of a localized boundary layer near the boundary z = 0 and
no boundary layer at the interface x = 1 between the fluid and the obstacle.



A.1 Determination of profiles

For a function (x, z) — W(z, z), we denote the derivatives with respect to the space variable z as W/, W" ...
and the derivatives with respect to the boundary layer variable z as W,, W,,,.... Thus the function =z —
w(z) = W (z, L) satisfies

W (o2 (e
w(@) =W (. L)+ 2w (2. D) + 2oy (2. 5) + Sw (2.) o
=W (:c, g) + g(Wz)'(x g) + E%sz (x, g)

In the following, we introduce formally the expressions (4) in the system (3a)-(3f) and identify the terms
corresponding to each power of €. To simplify the formal calculations, we assume in the following 6(z) = 1

everywhere in and an exponential decrease of 85%1 (z,z) with respect to the variable z, this will be made
rigorous afterwards.

A.1.1 Asymptotic expansion of Eq. inside the obstacle w
e Order £~2: identifying the terms corresponding to the power —2 of € leads to
-w? —w?=o.
Using the decomposition one obtains
0 170 70 1370
W =W, =W, =W, =0,
which leads to, as W does not depend on z,
~W2 —W?=0 inwxR*. (7)

e Order e71:
~Wo = 2(W2) = (W) +aW’ —g(1) - W} =0,
which, by using hypothesis and taking the limit when z — +o0, leads to
(WY +aW’ —g(1) =0 inw, (8)
and by difference, we obtain
*Wzlz - Z(Wg)/ - (WO)/ +aW? — WZI =0 inwxR". (9)
e Order £°:
—W2 —2WH — (WO + WO — W2 — (WY +aW' =0,
and again using the same reasoning as above, by using hypothesis and z — +o00, we obtain
—0.,, 0 —1 1, )
—(W)'"+W +alW — (W) =0 inw, (10)
and by difference,
—W2 = 2(W2) = (W) + WO = W2 = (W'Y +aW' =0 inwx R, (1)
e Order e: from
—W3 —2W2) — (WY + W= W3 — (W2) +aW? =0,
we deduce once again as before,
T | Tt T2/ 72 .
—(W)'"+W —(W) +alW =0 in w, (12)
and by difference,

—WE = 2W2) = (W) + W' =W = (W) +alW? =0 inwxRF, (13)



A.1.2 Asymptotic expansion of Eq. inside the fluid domain U/

e Order e°:

(VYY" +VY=f inlU. (14)
e Order e':

—(VH'+ V=0 inlU. (15)
e Order e2:

~(VH'+V*=0 inlU. (16)

A.1.3 Asymptotic expansion of Eq. and (3d) (transmission conditions at x = 1)
We obtain simply, recalling the exponential decrease of the boundary layer terms

—1

Vi) =W (1), VI1) =W (1), V(1) =W (1). (17)

and

0 1 2

(VoY1) = (W) (@), (V1) (1) =) @), (v)'(1) =) (). (18)

A.1.4 Asymptotic expansion of Eq. and (Dirichlet boundary conditions at « = 0 and
x=2)

0
W(0,0)+W (0)=0 (19)
0

and
V92) =V2) =V32) =0. (20)

A.2 Resolution of the profile equations

Here, we look for solutions to the equations determined previously, that will form the terms of the asymptotic
expansion .

A.2.1 Determination of V° and W?°
From , , , and , we obtain that V° is solution to

(VYY" +Vi=f inU=]1,2[ 1)
_ — 21
—(V*)' (1) +aV°(1) = =(W')' (1) +alV (1) = g(1), V°(2) =0,
i.e. V9 = u the solution of the initial problem , and that WO is solution to
{(WO)’ +aW’ =g(1) inw=]0,1] o)
W) =VvO(1).

From and the fact that W0 tends to 0 as z — 400 , we obtain
WOz, 2) = w’(z)e™® inwxRT,

where w? is the value of W0 at z = 0. Using (19), we have WO(O,O) = —WO(O). We extend this boundary
condition to all w and choose W°(x,0) = —WO(O). This implies w®(x) = —WO(O) and thus

WO(z,2) = —WO(O)e_Z inwx R, (23)



A.2.2 Determination of V! and W!

Similarly, from , , , and , we obtain that V! is solution to
~(VHY'+Vl=0 inU=]12|
(VI (1) + V(1) = —(W (1) + oW (1) = (W
Vi2) =0,

"y (1) - W(1) (24)

and that Wl is solution to 0 %
) =W inw=1]0,1]

71 / 71 o —
{—(W) +aW =W (25)

WH(1) = viQ).
From @7 we have
—Wzlz — WN/Zl = Q(Wf)' + (WN/O)’ —aW' = aWO(O)e_Z inwxRT,
using the obtained expression of wo . The solution which tends to 0 as z — 400 is given by
Wz, 2) = w'(z)e™" + aWO(O)ze_Z inwx R,

where w' is the value of W' at z = 0, to be determined. Again, using (19), we have W(0,0) = —Wl(O). We

extend this boundary condition to all w by setting W' (z,0) = —W (0). This choice leads to w'(z) = — W (0)
and thus . . o
Wh(z,z) = -W (0)e™* +aW (0)ze™* inwxRT. (26)

A.2.3 Determination of V2 and W?2

Using the same reasoning as before, from , , , and , we obtain that V2 is solution to
—~(VH"+V2=0 inU=]1,2
—(V3(1) +aV3(1) = —(W) (1) + oW (1) = (W
Vi(2) =0,

) - W) (27)

and that W~ is solution to L, . .
~WY +aW =W )" —=W inw=]0,1]
{W2(1) =V2(1).
From (1), we have
_sz - /V\[;,? = Q(Wzl)/ + (/V\[;O)N — WO + (Wl)/ —aW! inwxR*T
T
= WO(O)e_Z Law! (0)e % — QQWO(O)z e
= (W(0) + oW (0))e™ — a®W (0)ze~*

=ce *+dze *

using the obtained expressions of Wo and W1 . The solution which tends to 0 as z — +o0 is given by

—~ d
W2(z,2) = w?(x)e ™ + (c+d)ze * + 522 e* inwxRT,

where w? is the value of W2 at z = 0, to be determined. Once again, using (T9)), we have W2(0,0) = —W7(0). We

extend this boundary condition to all w by setting Wz(x, 0)= fWQ(O). This choice leads to w?(z) = W (0)
and thus

20)e = + (W' (0) + oW (0) — a2 (0))z e

042—0 2 . . +
- 7W (0)z"e inwxR™. (29)

W2(ac, 2)=-W

In this one-dimensional setting, all the profile equations are well-posed with suitable regularity: V° € C(i),
VI V2 e C®U), W' € C®(@) and Wi e C°(w x RT).



A.3 Convergence of the asymptotic expansion
We search for a solution of the penalized problem in the following form
wol, % i, T 2 w2, T
we(z) = 0(x)W (m, E) +eb(x)W (x7 g) +&0(x)W (x, g>
+ (@) + W (2) + £2W 2 (z) + ew” () in w (30)
ve(z) = VO (2) + Vi) + 2V (x) + vl () in U,
were Wi, Wi and V' are the profile terms constructed previously, and w” and v are the remainder terms that

we will estimate in the following.
We use the following notations:

Wapp = 03 + 00" + 2002 + W' + W+ 2W-
Vapp = VO + eV + 2V
where @' (z) = W' (z,%), so that

{ws = Wapp +ew. inw

Ve = Vapp +ev  inlU.

The aim of the following subsections is to show that the remainders w” and v are bounded in H' indepen-
dently of ¢, from which we will conclude that

ve = VOl iy = OCe), (32)

that is the convergence of the solution of the penalized problem (|2|) towards the solution of the initial problem
inside the fluid domain. On the other hand, we will obtain that

||w€ - WappHHl(w) = 0(5), (33)

that is the presence of a boundary layer near the left boundary (at = 0). In particular far from the boundary
we have 0
|we = W[ s,1p = O(e), (34)

and WO is the limit solution in the complementary domain. We thus recover the results obtained in [I] using a
boundary layer approach (in fact, we obtain a finer description of what happens in the obstacle domain, which
was not carried out in [I]).

A.3.1 Equations of the remainders

Using the equations satisfied by w. and v., the remainders satisfy the following system

1
—wl” +wl + g(—wgl +awl) =Ry nw (35a)
-l + 07 = R§, inU (35b)
wl(1) =vl(1) (35¢)
wr'(1) = vl'(1) (35d)
wg(O) = Rlaaoundary (356)
v (2) = 0, (35¢)
where
1 1 1 e g(1)
stt = g ;;Dp - gWapp + ?Wa/pp - ?Wapp + ST

1 12 1 ! 1 « g(l)
= Wi+ 5 Wae = (24 ) Warw + 75

app

1
Riaiu = 7(f + afé)p - Vapp)

= M

=-(f+ VO vt 42y 0 oyt 2V =0

1
——Wapp (0
~Wapp(0)

()

€ —
boundary —

- —é(WO(o, 0) + eW1(0,0) + 2W2(0,0) + W (0) + W' (0) + 2" (0)) = 0.



To estimate the remainders, we need to estimate the right-hand sides of the equations, namely RS, ;.

Using , one has

7 ’ ’ e Y4 1/ ___ ol
W' =00 + 00 + 0@t + 00" + 2002 + 2007 + W + W' + 2W-

app

Wi, =073 + 200" + 00 + 0”@ + 260’0 +0w" + 20" @2 + 220’ + 205

72”

+ W —|— EW —|— W
Using @ and the fact that W depend only on z, we obtain

No Wo Tl Tl W2
R(E)bst — (alle +29/ +9 zz +€9”W1 + 250/ +E€ zz +529HW2 + 2520/ +€29

o/

N R e EQWZ )+ (9 WO+ 9 + W' + 59 + 20'W? + 202 + W

1/ __o/ 1 7 _ . 1
bW 42 — (E + g)(ewo +50W1 FE2OW W +5W1 + W) + %
0"~y 200 ~, 60—~ — 20—, 0~ — — O~
—WO + —WO + - WO +0"W! + —Wl + —sz +e0"W? + 20 W2 + fWZQZ

0

—_ "oy 0~ o 0 ~ 0~
+ W +W1 +5VV2 + W0+ W0+ W1+ W1+0’W2+ W2+ W
+7W +W —§W0—9W1—59W2—2W W W
N ~ . - . 1
—O‘jwo BT o~ W W a4 4L
g2 € g2 € g2

Using the equations satisfied by the profile terms, different terms simplify in the previous expression and it
remains

9" — 20/ N 20 — . - .
St = — WO+ —WO OW WL+ e W 20 W2 W

0 — 9 — L .
+ = WO 4 W1+9W2 OW' — cOW? — W~ — W2,

Since Wz(m, z) are of the form P;(z)e™* where P; is a polynomial, and P;(z)e™* are bounded in RT, Wi (w, %)
are bounded in w independently of e, thus we have Vz € w

o (2) (s ) <

and

‘—59(3:)%2 (x, g)‘ < Ce.

Also,
72// —9
‘eW (z) — eW (x)| < Ce.

The remaining terms are of the form E%G'(z)wl( L) or H6'(x )Wg (z,%) or %9”(:1:)%" (z,%) or é@”(az)ﬁj (z,2)
for j € Z. Wl(ac z) are also of the form Q;(z)e™* where Q; is a polynomial. The terms under study are thus con-
stituted of terms of the from C L0/ (z)(2)*e™* or C 6" (x)(%£)"e~ ¢ for k € N. Since § = 1 in a neighborhood
of 0, these terms are zero if = g 60 for a well-chosen (50 > 0. These terms are thus bounded by

1

20
poET e = < (k¢
since for all £ € Z, e S 0ase— 0t
In conclusion, we have the following estimate
[ Robstllz2w) < C. (36)
In the following, we will need a finer estimate: since R:,, reduces to EW — W outside of the support of
0, we have
[ Robstll 20,6 < C (37)
[ Ropstll 25,1 < Ce. (38)



A.3.2 Estimate of the remainders

The last step is to estimate the remainders using some energy estimates. Unfortunately, multiplying by the
remainders and integrating by parts yields an interface term of the form 1 (w?)?(1) (with the wrong sign) that
is not easy to control. Inspired by the approaches used in boundary layer methods in the case of advection-
diffusion problems [6] [5, 4] where we multiply by test functions of the form wl (z)e*®, we will rather multiply
by weighted remainders as test functions where the weights have to be determined in order to get rid of the

interface terms (between the fluid and the obstacle). More precisely, we multiply Eq. (35b) by vIp. and we
integrate over U = ]1, 2], this yields
2 2
_/ vl p, +/ ’U;st =0
1 1

2 2
/ Ugl(vgpe) ['Ur/v;ps] +/ U;2Pa =0
1 1

2 2
/ vl pe + / o' ulpl + ol (D)ol / v, =0
1 1

e+ [ oL
/2 U£2 " ’ r ? 2
[ /(2 ) o+ o e p) + [ =0
1
/2 2,02 r2 , 2 5
[ e [ [ e e + [ e =0
1 1
r2 2
"’2 U v 1 T T T
[t [ =0y e + [ =0
1 1 2 2 1
2 2 " 2
2 (3 I ,Ug 1 T T
J e [ (=Bt = ) o ez ) =0 (BY)
1 1

Similarly, we multiply Eq. (35a]) by wlq. and we integrate over w = ]0, 1[, we obtain
1 1 1 1
1 a

_/ w" w? qg—i-/ wfgzqg—f/ wglwf__qu—i——/ wg2q5:/

0 0 €Jo € Jo 0

v ) X Lo 1 a b, 1
[ty - wretadi+ [urte -2 [ arute+ 2 [Curte = [ Rota

0 0 €Jo € Jo 0

! 2 ! / ’ ! 2 I / a (! 2

[ e [ urrd —wrue + [erte -2 [urere s 2 [t = [

0 0 € Jo € Jo 0

. 1 q , 1

€
[ wracs [ (o= L)urur+ (142) [ ule - wr 0ule0) = [ Roaula
0 0 0

/1 wr/?q _ /1 w§2 + [U/QQ (q// B ié)}l
o =y 2 2 \"*  ¢/lo
1 1 / r
2 2 o q q w
e [ (- )
\/(; I qE +/0 I3 + e 2 26‘ +

By adding (F4]) and(E>2)), and by choosing p. and g. such that the interface terms vanish, i.e.

e r
Robst We Qe

)+
i
w

142
«

1
(1+2 o
v 1
(1+9) [ e wlure) = [ Rl
0 0

2 1
e - =) - ur et () = [ Ripata
Es)

0
+
2

we obtain

/! /

2 2 1" 1 1 1
2 2 o
/ 11;/ Pe +/ (pg - %)vf +/ wgl Qe +/ w’;Q((l + —)qe _ & + qs) :/ Rép WL ge. (40)
1 1 0 0 € 2 2 0



Assume there exists p. and ¢. such that for sufficiently small ¢ > 0

is satisfied
pe=p>0 inU = (1,2)
¢==>p>0 inw=(0,1)
p/l
De — 7‘5 >0 inU (41)
1 /
<1+g>q5—qi+qi20 inw
€ 2 2e
C
lgellLo=(0,6y < C and ||gc|| o (5,1) < =

then from , we deduce, using also and , that

2 1
2 2
5([ o+ [ wr?) < IR zon ol

< (11 Rebste22(0.6) + [ Boseell 26, )1l 20,1

< (1 RS 22 0.0 10l 00) + 11 REb L2201 el o 6. ) 102 220,
< Cllwlllz20,1) (by Poincaré inequality (w.(0) = 0))
12 122 1.2 + 1wE 12200y < Cllwl |l 220,y
C2 1 r2 . .
< 5 + ins 72001 (by Young inequality)
1
\|v£’||%2(1,2> + 5”“’;/”%2(0,1) <C.

In conclusion, using again Poincaré inequality (vl(2) = 0), we have established that |[v][|f1(1,2) < C and
|lwl || 10,1y < €, and the convergence of the asymptotic expansion follows as explained in Subsection

A.3.2.1 Construction of suitable weight functions p. and ¢ We will look for supersolutions pe, ¢
satisfying

!
~/+LE g =b.>0 inw=(0,1)
! pe—a. >0 in U =(1,2)
pe(1) = ¢(1)
1

pL(1) = 1) - =Y (42)
pe>B>0 in U = (1,2)
¢ =>p>0 inw=1(0,1)

C
lgell oo 0,5) < C and ||ge|| Lo s,1) < ’s

It is easy to see that the solutions to satisfy and thus yield suitable functions to show the convergence
as explained before. First, is satisfied, along with the positivity of p., g- > 8 > 0 and the estimates on
lge]| oo, thus we have

I T e SR S

2 2 2 2
o ¢ ¢ «a ¢ 1/ , 4 a 1
e L T SN CE )
(+5q g T = lt oyttt 7He)=(213)¢=

Pe

Let us first outline the link between and a dual problem of the penalized problem. Let ¢ € Hg (L),
where 2 = (0,1), then by multiplying the equations by ¢ and integrating by parts, we obtain:

1 1 1 1 1 1
/ qésﬂ’—qe’(l)w(l)—*/ qacp’+fqe(1)s0(1)+/ q5w=/ beyp (43)
0 € Jo € 0 0

and

2 2 2
/p’gw’+pe’(1)s0(1)+/ pe<p=/ acp. (44)
1 1 1



Summing the two previous equations and using the transmission conditions, we obtain

1 1 1 1 2 2 1 2
/ qéw’**/ qsw’Jr/ qe<p+/ p’ss&’+/ psw:/ bscp+/ azp. (45)
0 €Jo 0 1 1 0 1

If we denote by r. the function whose restriction to (0, 1) is ¢. and whose restriction to (1,2) is p., this means
that r. is solution to following variational formulation

Find r. € V = {v € H'(0,1),v(0) and v(2) are imposed} such that Yy € HJ(0,1)

2 . 2 1 2 ) 1 2 (46)
rep | rep— = [ xre' = | bep+ [ acp,
0 0 € Jo 0 1

which is of the form of a dual problem to the penalized problem (with o = 0) [2] where the advection term is
in a conservative form. The existence and uniqueness of the solution to the dual problem was also established
in [2] (it was used in the proof of the existence and uniqueness of the penalized problem).

Remark 1. Figure. (1] shows the solution of if we impose for instance a.(z) = 0, b.(x) = 0, and ¢.(0) =
pe(2) = 1. We can show (using explicit caluclations and asymptotic expansions with respect to € as in [I]) that

the other conditions in (positivity of pe, g- and estimates on ¢.) are satisfied for & small enough, but we
would like a construction not relying on explicit calculations, that could be extendable in higher dimension.

30

20

0.5 1.0 1.5 2.0

Figure 1: Plot of ¢. in (0,1) and p. in (1,2) solutions to the dual problem with ac = 0, b, = 0 and
q-(0) = pe(2) = 1, for different values of .

We now go back to exhibit suitable supersolutions satisfying : we take

1 2 1
ge(x) =1+ CeT e inw= (0,1), (47
IS €
so that 1
g (x) > 1— =% —1whene—0 (48)
€
and
ql
—q’ + f +¢: =¢q- 2 0. (49)

To satisfy the transmission conditions, we choose an affine p.

(1 .
pe(@) = a.(1) + (dL(1) - qi ))(:Jc—l) in U = (1,2), (50)
so that
_ vy D g1 1 o1, gt
Pe(2) = ¢:(1) +qL(1) - T = (1 6)(1+€ = )+€2 =14 e i > lwhene 0 (51)
and
—p 4+ pe = pe > min(pe(1),p-(2)) = min(ge(1),p(2)) > 0 for & small enough. (52)

Thus the strict positivity of p. and ¢. for sufficiently small € > 0. Finally, for all z € (0,6) with § < 1,

1 s- 1
lge(z)| <14 et Zemt <C
€ €



for sufficiently small € > 0, and, for = € (4, 1),

11 c
lge(z)| <1+ = — e <=
13 19 13

for sufficiently small e, then the desired estimates on ||g.||f=. This completes the existence of suitable weight
functions pe, ¢- in the one-dimensional case.

L L L L
0.0 0.5 1.0 1.5 20

Figure 2: Plot of suitable supersolutions g¢. in (0,1) and p. in (1,2) satisfying in the one-
dimensional case, for different values of €.
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