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Example: Mn(k) = n ⇥ n matrices with coe�cients in k.

O(Mn(k)) = k[Xij | 1  i , j  n].

is the commutative ring of polynomials in n
2
variables.

O(Mn(k)) ⇢ {↵ : Mn(k) ! k |↵ function} is a subalgebra.

Xij is the function defined by the matrix coe�cient

Xij(A) = aij 8 A = (aij)1i ,jn 2 Mn(k).

Take the linear basis {Eij}1i ,jn given by elementary matrix.

Then {Xij}1i ,jn is the corresponding dual basis with

hXij ,Ekli = �ik�jl .

O(Mn(k)) is the algebra of regular functions on Mn(k)



Consider Spec(O(Mn(k)) = Algk(O(Mn(k)), k).

Any algebra map � : O(Mn(k)) ! k is defined on its values on the

elements {Xij}1i ,jn.

This define a matrix A� =
�
�(Xij)

�
1i ,jn

2 Mn(k).

Conversely, any matrix A = (aij)1i ,jn 2 Mn(k) defines an algebra

map �A : O(Mn(k)) ! k by �A(Xij) = aij for all 1  i , j  n.

We have

Spec(O(Mn(k))) = Algk(O(Mn(k)), k) = Mn(k)





Definition

A k-coalgebra is a triple (C ,�, "), where C is a k-vector space
� : C ! C ⌦ C and " : C ! k are linear maps that satisfy the

following commutative diagrams

Coassociativity: Counit:

C
� //

�

✏✏

C ⌦ C

�⌦id

✏✏
C ⌦ C

id⌦�

// C ⌦ C ⌦ C

C

�

✏✏

'

yy

'

%%
k⌦ C C ⌦ k

C ⌦ C

"⌦id

ee

id⌦"

99

Remark: The dual vector space C
⇤ is an algebra (The converse is

not always true).



Definition

A bialgebra is a k-vector space B such that

(B ,m, u) is an algebra;

(B ,�, ") is a coalgebra;

� and " are algebra maps (m and u are coalgebra maps):

B ⌦ B
�⌦� //

m

✏✏

B ⌦ B ⌦ B ⌦ B

id⌦⌧⌦id

✏✏
B ⌦ B ⌦ B ⌦ B

m⌦m
✏✏

B
�

// B ⌦ B

B ⌦ B

m

✏✏

"⌦" // k⌦ k

'

✏✏
B "

// k.

Example: O(Mn(k)) is a bialgebra.



Definition

A Hopf algebra is a k-vector space H such that

(H,m, u,�, ") is an bialgebra and

there exists a map S : H ! H such that:

H

�

{{

�

##

u"

✏✏

H ⌦ H

id⌦S
✏✏

H ⌦ H

S⌦id

✏✏
H ⌦ H

m
##

H ⌦ H

m
{{

H



Example: SLn(k) = {A 2 Mn(k) | detA = 1}

O(SLn(k)) = k[Xij | 1  i , j  n]/(detX � 1)

is the quotient of the commutative ring of polynomials in n
2

variables by the ideal generated by the element detX � 1, where

detX =
X

�2Sn

(�1)`(�)X1�(1)X2�(2) · · ·Xn�(n)

It is a Hopf algebra with

�(Xij) =
nX

k=1

Xik ⌦ Xkj , "(Xij) = �ij S(Xij) = Adj(X )ji

here X =
�
Xij

�
1i ,jn

and Adj(X ) is the adjoint matrix.



For n = 2 we have

O(SL2(k)) = k[X11,X12,X21,X22| X11X22 � X12X21 = 1]

�(X11) = X11 ⌦ X11 + X12 ⌦ X21 "(X11) = 1 S(X11) = X22

�(X12) = X11 ⌦ X12 + X12 ⌦ X22 "(X12) = 0 S(X12) = �X12

�(X21) = X21 ⌦ X11 + X22 ⌦ X21 "(X21) = 0 S(X21) = �X21

�(X22) = X21 ⌦ X12 + X22 ⌦ X22 "(X22) = 1 S(X22) = X11

Following the same procedure as we did with O(Mn(k)) we obtain

Spec(O(SLn(k))) = Algk(O(SLn(k)), k) = SLn(k)
















