
An Introduction to Quantum Groups and Hopf

Algebras

Gastón Andrés Garćıa
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Definition (Mq(n))

Let n 2 N and q 2 k� {0}. Oq(Mn(k)) is the unital associative

algebra over k generated by n
2
elements Xij , 1  i , j  n such that:

XriXrj = qXrjXri if i < j ;

XisXjs = qXjsXis if i < j ;

XriXsj = XsjXri if r < s and i > j ;

XriXsj � XsjXri = (q � q
�1)XsiXrj si r < s and i < j .

Remark For q = 1 we have O1(Mn(k)) = O(Mn(k)).



Proposition

Oq(Mn(k)) is a non-commutative and non-cocommutative

bialgebra with

�(Xij) =
nX

k=1

Xik ⌦ Xkj , "(Xij) = �ij for all 1  i , j  n.

Remark Oq(Mn(k)) it is not a Hopf algebra  there exists a
group like element, the quantum determinant.











Proposition

Oq(Mn(k)) is a non-commutative and non-cocommutative

bialgebra with

�(Xij) =
nX

k=1

Xik ⌦ Xkj , "(Xij) = �ij for all 1  i , j  n.

Remark Oq(Mn(k)) is not a Hopf algebra  there exists a group
like element, the quantum determinant.



Proposition (The quantum determinant)

detqX =
X

�2Sn

(�q)`(�)X�(1),1 · · ·X�(n),n 2 Oq(Mn(k))

is a central group-like element (`(�) is the length of the

permutation �).

Definition (The quantum groups GLq(n) and SLq(n) )

Oq(GLn(k)) = Oq(Mn(k))[T ]/(TdetqX � 1)

Oq(SLn(k)) = Oq(Mn(k))/(detqX � 1)
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Definition (FRT)

The FRT-construction (or universal quantum semigroup) for (V , c)
is the k-algebra A = A(c) generated by the elements {xij}1i ,jn,

satisfying the following relations:

P
k,` c

k`
ij xkrx`s =

P
k,` xikxj`c

rs
k` 8 1  i , j , r , s  n.

Remark The construction works for any c 2 End(V ⌦V ). But one
usually looks for solutions of the braid equation:

(c⌦id)(id⌦c)(c⌦id) = (id⌦c)(c⌦id)(id⌦c) in End(V⌦V⌦V ).



Theorem

A(c) is a bialgebra that satisfies the following properties

(a) V is a left A(c)-comodule;

(b) c is a A(c)-comodule map;

(c) [U.P.] If B is A bialgebra such that V is a left B-comodule

and c is a B-comodule map, then there exists a unique

bialgebra map f : A(c) ! B such that

V
�V //

�0V (( ((

A(c)⌦ V

f⌦id

✏✏
B ⌦ V .

In particular, the bialgebra A(c) is unique up to isomorphism.



Example: Let V be a k-vector space of dimension n and basis
B = {v1, . . . , vn}.

Let q 2 k� {0} and consider c : V ⌦ V ! V ⌦ V given by

c(vi ⌦ vi ) = q
�1

vi ⌦ vi for all 1  i  n,

c(vi ⌦ vj) =

(
vj ⌦ vi si i < j ,

vj ⌦ vi + (q�1
� q)vi ⌦ vj if i > j .

For n = 2 and basis BV⌦V = {v1 ⌦ v1, v1 ⌦ v2, v2 ⌦ v1, v2 ⌦ v2}:

[c] =

0

BB@

q
�1 0 0 0
0 0 1 0
0 1 q

�1
� q 0

0 0 0 q
�1

1

CCA .

Theorem

A(c) ' Oq(Mn(k))













Definition

Let A be a bialgebra and V 2
A
M. An A-comodule algebra B is

called a weakly graded-Frobenius algebra for A and V if the
following conditions are satisfied:

B is an N-graded A-comodule algebra, that is B =
L
n�0

B
n,

�(Bn) ✓ A⌦ B
n and B

n
· B

m
✓ B

n+m for all n,m � 0;

B
0 = k and B

1 = V as A-comodules;

dimk B < 1 and dimk B
top = 1, where

top = max{n 2 N : Bn
6= 0};

the multiplication induces non-degenerate bilinear maps

B
1
⇥ B

top�1
! B

top, B
top�1

⇥ B
1
! B

top.



Definition

Let B be a weakly graded-Frobenius algebra for A and B
top = kv .

v is a volume element for B.

the element D such that �(v) = D ⌦ v is the quantum

determinant in A associated with B.

Remarks
(a) D 2 G (A) is independent of the scalar multiple of v .

(b) Nichols algebras associated to a braiding c are a source of
examples (in case they are finite-dimensional).



Example: X = {1, 2} and s : X ⇥ X ! X ⇥ X (set) braiding

s(1, 2) = (1, 2), s(2, 1) = (2, 1), s(1, 1) = (2, 2), s(2, 2) = (1, 1).

If (xij)i ,j =
�
a b
c d

�
. Then A(�s) has relations

a
2 = d

2, ab = cd , ba = dc , ac = bd , ca = db, b
2 = c

2.

Nichols algebra B = B(V ,�s) with V = kx � ky has relations

x
2 + y

2 = 0, 2xy = 0 = 2yx .

If char(k) 6= 2, then dimB < 1 and B has basis {1, x , y , x2}.
Volume element v = x

2.
Quantum determinant D := a

2
� b

2 (is central).
H(s) = A[D�1] =: GL(X ,�s) Hopf algebra with antipode

S(a) = aD
�1, S(b) = �cD

�1, S(c) = �bD
�1, S(d) = dD

�1.

Also SL(X ,�s) = A(s)/(D � 1).


