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Definition (M,(n))

Let n€ N and q € k — {0}. Oy(M,(k)) is the unital associative
algebra over k generated by n® elements Xij, 1 <i,j < n such that:

Xrinj = X,jXr,' ifi <j;
Xiszs = quins ifi <J;
Xr,'XSJ' = XSJ'Xr,' ifr<sandi>j
XiXsj — XsjXri = (q = qil)Xs,'X,j sir<sandi<j.

Remark For g = 1 we have O1(M,(k)) = O(M,(k)).



Proposition

O4(M,(k)) is a non-commutative and non-cocommutative
bialgebra with

n
AXg) =D Xu®Xg,  e(Xy)=0;  forall1<ij<n.
k=1
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Proposition

O4(M,(k)) is a non-commutative and non-cocommutative
bialgebra with

n
AXg) =D Xu®Xg,  e(Xy)=0;  forall1<ij<n.
k=1

Remark O4(Mp(k)) is not a Hopf algebra ~~ there exists a group
like element, the quantum determinant.



Proposition (The quantum determinant)

deth - Z (_q)z(a)xa(l),l T Xo’(n),n € Oq(Mn(k))

UGSn

is a central group-like element ({(c) is the length of the
permutation o ).

Definition (The quantum groups GLy(n) and SLy(n) )

Oq(GLn(Kk)) = Oq(Ma(k))[T]/(TdetgX —1)

Oq(SLn(k)) = Og(Mn(k))/(detgX — 1)
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Definition (FRT)
The FRT-construction (or universal quantum semigroup) for (V, c)

is the k-algebra A = A(c) generated by the elements {x;j}1<i j<n,
satisfying the following relations:

kf _ P
Zk’g Cij XkrXts = Zk,z XikaZC/:Sg V1<i,j,r,s<n.

Remark The construction works for any ¢ € End(V ® V). But one
usually looks for solutions of the braid equation:

(c®id)(id ®c)(c®id) = (id ®c)(c®id)(id®c)  in End(VRV®V).



A(c) is a bialgebra that satisfies the following properties

(a) V is a left A(c)-comodule;

(b) c is a A(c)-comodule map;

(c) [U.P] If B is A bialgebra such that V is a left B-comodule

and c is a B-comodule map, then there exists a unique
bialgebra map f : A(c) — B such that

a

vV o

Alc)® V
\

> | fRid

oy Y

B V.

In particular, the bialgebra A(c) is unique up to isomorphism.




Example: Let V be a k-vector space of dimension n and basis
B={vi,...,vp}.

Let g € k — {0} and consider c: V® V — V ® V given by
o c(vidv)=qg v,y forall 1 <i<n,

Vi ® Vi si i</,
° c(vi®v)) = _1 e
viovi+(@  —qviey ifi>].
For n =2 and basis Bygy = {vi ® vi,vi @ vo, o @ v1, va ® W }:
gl 0 0 0
(] = 0 0 1 0
a 0 1 glt—q O
0 0 0 g !
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Definition

Let A be a bialgebra and V € “4M. An A-comodule algebra B is
called a weakly graded-Frobenius algebra for A and V if the
following conditions are satisfied:

e B is an N-graded .A-comodule algebra, that is B = @ B",

n>0

AB") C A® B" and B" - B™ C B"™ for all n,m > 0;
e B% =k and B! = V as A-comodules:

@ dimy B < oo and dimy B*P = 1, where
top = max{n € N: B" # 0};
@ the multiplication induces non-degenerate bilinear maps

Bl % Btop—l — Btop’ Btop—l % Bl — Btop.




Definition

Let B be a weakly graded-Frobenius algebra for A and B®*P = kv.
@ v is a volume element for B.

@ the element D such that A(v) = D ® v is the quantum
determinant in A associated with B.

Remarks
(a) D € G(A) is independent of the scalar multiple of v.

(b) Nichols algebras associated to a braiding ¢ are a source of
examples (in case they are finite-dimensional).



Example: X ={1,2} and s: X x X — X x X (set) braiding

s(1,2) =(1,2), s(2,1)=(2,1), s(1,1)=(2,2), s(2,2)=(1,1).

If (xi)ij = (25). Then A(—s) has relations

?=d? ab=cd, ba=dc, ac=bd, ca=db, b>=Cc>

Nichols algebra B = B(V, —s) with V = kx & ky has relations
x2+y? =0, 2xy = 0 = 2yx.

If char(k) # 2, then dim B < oo and B has basis {1, x, y, x?}.
Volume element v = x2.
Quantum determinant D := a? — b? (is central).

H(s) = A[D71] =: GL(X, —s) Hopf algebra with antipode
S(a) =aD !, S(b) = —cD7 !, S(c) = —-bD7!, S(d) =dD™ .

Also SL(X, —s) = A(s)/(D —1).



