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1 Introdu iti on

Def L a loc at sp X a lot ept sp
An L antion on X is proper

V C c X a cpt subset

I e e L I t.cn C 4 is a yt subset of L

Fat i T a discrete gy X a mtd

T A X proper free
has a lnecessarily unique mtd str

I which males 大 X t r X a covering map

if TAX is effective

Rank Freeness is not a serious i cue

1
T torsion free X proper T A X free

proper not free m T X an oubifold
not proper TI X non Hausdorff pathological

GH a homogeneous spare T C G a discrete subgp
If i a GH is proper and free

we obtain a manifold p
G
H locally modelled m GH

Such T alH is called a Clifford Klein form

Comyait CK forms are often celled compart quotients of GH

Ex 11ᵗʰ e RPT が ーだ xi.co

is called the pseudo hyperbolin spe ie of signature p q1
H HP He RPE

O p q 1 g Mp q R 9.1IP _Ig 9 I
_Ig



PO p qt1
0 719 1 2 1g

04 9111
p op q x on

一年 H difeo

H the universal cover of HP81for q 2 が9 01P9 1 01p.q

Then Clifford Klein forms of H9
Complete pseudo Riem mtd of signature p.q

with sartional curvature 三 1

If H is ye every disiveta subsp of G acts properly on G H
I 4H has a G inv Riem metric

This mini course The case where H is won cpt
Mostly G a non gt red itive Lie gp 1H a non ept red subgp of G

2 2 and A

Notation I Kobayashi 96 with a minor thangel
G a loc cpt gp H L C G closed subsets

In H α し f C c G apt subset

I'subset modulo y

た CLC

2 H L H 4 L and L 4 H

equal modulo cpt I
B H n L C G ept subset CHC n L is cpt

o proper

Rmkm 111 If G C G is a closed subgp it H.LI G



then H 4 L in G Ey H く L in G

H 力 L in G 英 H n L in G

121 H a G a load subset C G a cpt subset

CH C is closed in G

What is the meaning of n

Lem G a loc ept gy H L C G closed subge
Then H n L L a GH proper

Pf Using the local iptness of G one can easily see that

I
C c GH a cpt subset C G a cpt

subsets.tC TIC I where 大 G QH prog

ど が i だだ
C C G ept h 1 e L l l 大ICI n HCl 44 is cpt

1 E L l l C n CH 4
H 力 L in G D CHC n L

Lem G lo.at gp H L C G closed subsets

n H や L L 力 H
2 If H 4 H then H 力 L H AL

a H H 1 esp

Pf 111 C C G cpt
H n C L C C C I.C H C n L C is cpt OK

w 飛
121 Take C G qt so that H C CH CT



Then C C G gt
c th c n L C 1C'C H

し
Cl n L is cpt on

losed

Cor G los cpt gp H L G closed subgps
Then L A GH proper H A proper

阯 4

iが H か

H A 9し proper 四

Th Calabi Markus 62 Wolf 12 Kobayashi 89

GH a reductive homogeneous spare HIR G rKR H

e.g 11ᵗʰ with P qI will explain in 53
Gupta RI GLP.RI GLIE R11

Then a closed leg discrete subgp of G aits pmerly on G H

if and only if it is at rep一 finite

Pf for G4ᵗʰ R1 GLpRI X GLIq RI1
K O1pt q c G us k n H 0 p x 0191

A 1 a
an apte

Singular value decomposition G K A K

proved easily by the Gram Schmidt process

wa also have H kn H A k n H

G A H

Now for a closed subgp L of G

L A GH proper H 力 L G n L L is pt



3 Reduiti ve Lie groups

groups that tehave lilia GL In.R

Put Osta GLIn Es GLIn R

ぶ
and call it the standard Cartan involution on GLIn R

It indies the Lie algebra involution Usta gl In R gl In R
文 ゝ

Def G a Lie gp 0 G G an involution

1G 0 i a reductive Lie gp
i G cos GLIn RI an emb of Lie

gps.io0 Usta o i

i lG is Euclidean open in its Zarishi closure

O is called the Cartan involution on G

We often omit O and say that G is a red Lie gp

Examples 111 GLIn K SLI n K for k R C H

4 M12 RI H 4 M12 4For k 4 H.ae

品at bi 1台で

121 0 p.q す g Mlptq.IR 9 Ip.g gICUindex 2 it lp.gl 1o.o

i EMIptE.R
solp.q Olp.g nSL ptq.R

Uindex2ifp q 1

SOo p q i the identity component of SOp q



131 Other classical groups

symmetric skew symmetric Hermitian slew Hermitian
R 0 p.gl Sp12n RI 0 p.q Sp2n R
4 0In 41 sp12n41 V1p.gl で lp.gl
H 1く Sp p q 12n

4 Exleytional Lie groups

151 Pants pwje mitt の 1
the abon examples

POp.q

Notation G 1G 01 a reductive Lie gp
K GO 1 g G 1 0g g
K g0 1 XE 9 1 OX X Y
p i 90 う い 1 01X1 Y

ms 9 k 中 K inv.de comp

k k k た中 くや ヤ ヤ c た

EX 111 G GLIn R

us K 0m hg e Gin.R1 1 19 g In orthogonal

k oml d X t gl In RI 1 t X X oY skewsym
P SymIn R d 11 1 x x Y symmetric

で

121 G 0 p q1

g D p.q す X E MIptq R x Ip.q Ip.q X 0 Y
K 0p1 x 01q た op1 lq

ヤ x M p.q R



Fast A P K E G is a differ

1X k 1 exp嬴 K

we fx E iv symmetric bilinear frm B 9 9 R

Sit た 中 writ B Blexe neg def Blpxp pos def

GCGLIn.IR and putsuh B always exists mad

B x y trlx ケ

Fix a maximal abelian subsp M of 中 and put A exploit

a A is a difleo.by Fait A I

区 11 G GLIn R

a
w

h the R A
m

an an so

12 G Op q with p q
Worli with another model

Oly.gl hg MIptq.IR 9 Ipig g IpgY where

It g に を E MIpte R Sa し E MIq R

w n ジ i を

inA 1 an as soI

ai
noo

o



Fact B 111 K M 3 P is surj
I ix 1 Aix

2 K X A X K s G is surj
kn.a.kz 1 In a.kz

13 Up to conj.ly G every compait subgp of G is contained in K

4 K every abelian subsp of P OL

Ecsy Fast A 11 121 111 HI

Def Put rkie G dim a and call it the R rank of G
I well def.by Fait B 141

区 川 HIR GLIn R n

121 rkr O1p q min 2p q4
o

Def We define the restricted Weyl group W W19 021 by
W NK M ZKIOL

W is a finite group and acts faithfully on O2

区 111 G GLIn RI m W E Gn

W A a R by coordinate permutations

121 G O1p q with p q we W 5q 2 144

W A M R by word permutations sign changes

Rmk Go the identity component of G

ko i K n Go wo Nola

zkolorl.msinduces an embedding Wo Les W

Wo is canonically isom to the root theoretic Weyl group



It is common to assume that G satisfies Wo W

we will not do that until it is really needed I in 5 5

Non ex G 01n.nl or Polm.nl In 1

G 0 ln.nl w On 4 14
U U index 2

Go Soo In.m wo hot IEilncisn E W I Ei 1 Y

Fact C For X X E M the following lil liiil are equivalent

lil W X W X in M

liil Adlk X Adlkl X in p
Iiiil K exp x K K exp x K in G

Easy lil lil Iiiil

Det We detine the Cartan projetion µ G Yw by
は褜 会 W X well def.by Fait13 121 and Fait c

Det G 1G 0 a red Lie gp

A closed subgp H of G is called a rednative subgp if
OlHI H and H 01H is a red Lie gp

KH Kn H KH Rnは PH に 中 nよ

A homing sp G It is called redu ive or of reductive ype
if G is red and H is a red subgp of G

If H C G is redu it im up to couj.by G



MH 02 n f is a max abelian subsp of 中H P n f
We always assume that this is satisfied

In this situation H KH explRH KH
m µH W UH C MW

Ex G Op g with p q 1

we identify i だ と蔀 た ta o c R

9 2

iti

117 It 01p q 11 C G RH RE C RE R

we have µHI 1 で た tm o c は

七 七2

じ 川が た

121 Assume p 2p and q 2q are even

L で p g C 012p 29 G

m a 1で い tie R く R R

we have ML で tr を o C で



七 ヒ2

1 州
at
七 0

Geometric interpretation of µ

SkiP

G K the Riemannian symmetry space po 1 K Gk
Expo 中 Gと is a differ

文 I s exp x po

Blpxp indeles a G inv Riem metrin of won positive sectional
curvature on G K We write d lkm for the associated distante

Lem g e G Ipalgil dak g.po po

Idea If rkr G 1 µ is just the distance from po
If rk RG 1 yr is an enhansement of the distance

Pf of Lem For g kn exp x k2 kn kr K X E R we have

dark g.po po dak ki expX K
pop

po dak expIX po knと
dye G inc po

dak exp x po po 1Xll 四

84 The properness criterion and its applications

Th Kobayashi 89 96 Benoist 96

G a red Lie gp H L C G a closed subset

Then H 力 L in G 14 n MILI in R

regard as w
in'v

subsets of OL



R 0 k is compat in Mw

区 GH HP8 1 PO P 9 plotp q 17 x om p3 9311

Identis Yw with at た を o

i my n n n name
a finite subset of ot

q 2 1 た

ッ

だ
If both H and L are reductive subgps of G

the properness criterion has a simpler form

Properness criterion the mute aer
Kobayashi 89

G a red Lie gp H.LI G red subgps
WLOG AH AL 1 G

Then L a YH proper W AH n W Me 404

P a discrete subgp of Gれド i 4 is a standard proper antion

T C ヨ L GG e t.LA GH proper

A proper antion is alled exotic if it is wt a deformation of

any standard proper action

Let us give a first application of the criterion



Th Kobayashi

For GH red the following lil 1iii are equivalent

il I a discrete subgp of
Gattingproperly m G H and isom.to Z

n c a nea subg of
Gatting

properly m G H and isom.to R
iii rKR G rKR H

ヨ a proper 2 anon a standard proper 2 artion

E lil liiil Pround alreedy in 5 2

lil Ii I Take T to be a copy of D in L R

iii lil HR G HR H MH G R

Choose a 1 dime subsp l s A so that l n W 40Y

and put L expldl C G W.an n w.l 304

Then L A GH is proper by the iriteri on 四

Proper wept actions

ar ド a virtually torsion free gp G

Talie To C T finite index torsion free and put

YedRIP sup p e N H Ti E o for

some Rio module E
N'ho Y

It does not depend on the chaise of To

It is called the R virtual cohomological dimension of T

If I C G for a reductive Lie gp G then
not needed

vidRIT sup p t N H ITo'G K E for some R local system E

n vedr T dim 中 with equality precisely when Tc G cocpt



Fait Bestvina Mess

T a virtually torsion free Gromov hyperbolic gp
dim It the covering dimension of T

If dim 2t c o then veda T dim 2T 1

for H19
Th I Kulkarni Kobayashi R a ring
G'H だw wide G a discrete subgp

A GH proper vadr IT dim P dimPH
with equality precisely when T A GH is copt

Let us give an example of standardI proper cogt actions

七 ヒ21玉 G 0 2m 27 1m 1
µ州

H V m 1 L 012m 1 い H や L

MIL
た 0

7 Take a coat lattice TL of
L.ved TL dim PL 2m dim P dimPH
TL n QH proper coupt

12 Tale a cucpt lettice TH of H
Vid TH dim PH 2m dim P dimやし

I'm a al proper copt

The following is one of the biggest open problems in this area

Kobayashi

For GIH red the following lil and lil are equivalent

lil T I G a discrete subgp st T a GH proper cocpt
lil L I G a reductive subgys.e.LA 9H 11



In lil lil n obvious I T i a copt lettice of L

121 It does say thet every poyer coat action should be standard

5 5 Sharp actions and Anosov representations

Def Kassel Kobayashi and Kassel Tholozan with a modification

G red T a fin gen gp I l t T N word length
S c Yw c closed subset

j T G is a sharp embedding w.r.t S

E M 0 r E T
doyw1 µ jは1 S E.ltlp M

µ151 avoids µIt1 with a linear speed

For a closed subgp H C G
we say w.r.t H instead of w.r.t MlH

By the properness criterion

T G a sharp emb writ H 年 a GH proper

Rink Kassel Kobayashi introduled sharp artions

whish uses E llMljは1 l M instead of E I r lp M
T G is a sharp emb

T a GH sharp action and

T 一 G is a quasi icometvil emb

I GH red L C G a red subsp L n G H proper

For any disnete subgp T of G
the standard proper action T A GH is sharp in Kk's sense

and is sharply embedded w.u.t H in KT's sense l if it is



quasi isometrially enhedded
o

Th Kassel Tholozan
A GH proper acpt T 4 G is a sharp emb w.r.t H

Rmke This was previously known in some special ceres

Kassel G H PSL12.1121 PSL 2 R opsし12 R

Gneritand Kessel
a H PO1n 17 P01m 11

pom 11 n 2

Gueritand Guichard Kassel Wienhard
GH 1G G l ΔG rli R G 1

To introduce Anosov representations lit us nor as suna that

our reductive Lie gp G satisfies Wo W i.e

W is the root theoretic Weyl group
W is a finite Coxeter group generated by the orthogonal reflections

w.rt the hyperplanes defined by simpleんなだのだ
Ex G O p q with p q

Tha set of simple restricted roots Δ αn αq

In i q 1
の it が di な だ

な

i q

Let Δ c は be the set of simple restricted roots of G

and put OI i d XE M 1 α E Δ αIX 4
Then Mt is a fundamental domain for W a M

i.e Oi 4 M induces a homo Oi MW

区 G O p q with p q



さ で いった を
o

Anosou representtions I intrudeled by Labourie
e there are around to equivalent definitions

Guichard Wienhard Kapovich Leeb Porti

IGneritand Guichard Kassel Wienhard Buchi Portie Sambarino

A convenient definition not the original one for us is

DI G Δ as above C Δ non empty

j T G is Anosov

j T G is a sharp emb.w.r.t.tn Lo ker α
Relation to proper a iti ms and Anosov rep GG II W

which is not obvious from the original def at all

く we equivalence of the above of and the original one

proved first by K LP alternative proof by BPS

aakw considered a siniear aim

tmlel If rkr G 1 land Δ 1

they are precisely convex coopt representations

Fact G Δ as above T a fin gen gp
111 If I admits a Anosov rep then T is Gromov hyperbolic

121 Anosov rep form an open subset of Hom IT G G

I I Kassel The zar

G H red rkr G rkr H 1

P G a fin gen subgp which is not virtually cyclic



T G a sharp ab がげ won_empty t is Anosov

Proof is based on Kassel 08

Th IKassel Tholozan GH red rkr G rkr H 1

In If I admits a proper cocpt antion on GH

j T G fr which p wj で炭
is Gomr hyperbolic

proper cocpt
form an open subset of Hom IT G G 一

度
にすfind anapb

pn
にな

emdd も G
でん
6 G

ですR So Thet

G as

hate Y i.A woo in Gum R

Rink As before Th 121 is previously proved by
Kassel G11 GG K W in special cases

Daclo Riestenberg lessentially I gave an independent ywof f Th 121

The case G H 012m 2 v1m 11 1m 21 is especially interesting

a R に 1吉 c R2 13 た erの
µ4

MH き t t R ker αn kerα2

m T 4 G a sharp enb w.r.t H T I G is han4 Anosov

Standard compact quotients Recell from St

L 012m 1 C G T a coat lattice of L
n T A G H proper copt

Kassee 12 Fr anise ly chosen To Li



jo T 4 G admits a deformation jt T G t.RS it

jt lil is Zariski dense for t 0

Fr HI suf small jt is injective with discrete image

and jt M A H proper corpt

Besauce being 3214 Amsor is an open property

INote that this paper is pre GGKW

Lea Marquis Monclair Schlentier Tholozan
4 n 81 10n 4

Let G 01 n 2 1m 4

T c G dan4 Anosov with IT 三 S S.t

is isom.to any lattice of any reductive Lie group

An example for m 4

P the Coxeter group of 4 0
4 0 0 0 with 9 p o

appeared in Sami Douba's mini course

If n 2m T a
02m 21

Vim 11 proper.cocpt Thus

vida T dim S 1 2m J

a GH
012m 27 v1m 11 with m 2

T G disirete subgp c.t T A H poper a yt
and is isom.to any lattice of any nchctire Lie group

This does not require Kassel Thrtozan



6一 Proof of the properness criterion skip

Th Kobayashi Benoist

G a red Lie gp H L C G a closed subset

Then H 力 L in G 14 n MILI in R

regard as w inv subsets of 02

Key Prop Kassel 08 g g E G

n daw plgg Mg1 l pig'ill
2 dryw pigg µlgi llpig Il 11pig l

Pf of KeyProp Thm

By KAK decomposition H exp plHI L exp µlL l
Henie H 力 L in G exp1µHI 力 exy1µ1Ll in G

Want to pwre 1
in A

MH や µIL in M

hem C c G a cpt subset R 2 im lµlclll
Then for any closed subset M of G

µ1CM
1 C NRIMIMI

Pf of Lem Fr en er C and me M we have

dryw pla m.ci µmil
drywlpla.m.ci pulaml dryw pla m palml l

lMlcall IIplen l R 四
IkeyProp.I

Tale any compeat subset C of G We have



c exp1µltill n exp1µIL1 c µ µ1 c expMHI C n µ Ll

の ド NRMH が
ILem.I

Now sinse µ is a proper map HI is compart 四

The rest of this seation is devoted to the pwof of key Prop
Detine f I Mw by f Ad ん

に W X

Teshnicd_m.me X Y E 中 daw pix p14 11X 411

Pf of Tech Lem Key Prop

11 Write g exp Xg kg kg e K Xg P and similarly for g.gg

doyw µ1997 Mg doyw p xgg pix
ixgs x llp

dayk exp Xggi po exp Xg po dyk 99 po gpo
4 nonpos curved dak19 po pu lMlg'lll

2 dawlµgg µ1g doyw 一µ1997 一µ197

doyw µ gi1 g
1

palg 1

n 手 lpig 11 四

To prove Technical Lem we introdule

Dat X E R regular

t M is the unique max ab subsp of 中 containing X

Put Greg 1 X n 1 x is regular

One can see that Greg is open dense in M

Mreg Or Y ker入 where Σ is the rest root system



Pf of Tethnical Lemma Conj.by k m We may assume X e R

Rreg is dense us Wa may even assume X E Rreg

m Take ko e K d which を
β a itai

ns a maximum

Then Adllo Y E R

Pf of Lem For any Z k we have

0 d た BIX Ad exp tz ko Y

B X dした Ad expけZ1 AdlkolY

B 1 X Z Adlko 4 B Z X Ad k Y

B G inv

sine

y Ad11
T た and B is neg det m た

we have X Adlko T 0

Since X E Mreg we conelude that AdIko Y E R

Take ko E K as above Then f Y W Adko Y and

daw flXl 914112 iminw l X w Adlko Y 112

11 11 114112 2mm B X w Adk Y

い
Sinie HI B X Adki Y B1X Y

we have daw le1x 914112 11 11 114112 2 B1X Y

11X 4 112 四

57 A lecture by Maciej Bothen'ski
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S8 Geometric fibration conjecture for proper wept antions
and sphere bundles

Setting
GH red C G torsion free
G H proper.coapt land automatically free

mi We have a double fibration

19kn
r I
GIH 4

y
3
p
G K

fibre KH
Icantratti blel がれり

Geometric fibration conjecture Thilozan

Mi c r l G K a submtd sit

T indunes a diffeo f Mi た MG H

In other words ヨ
or t G H F'G kn a se it ion of Fr

whose image is a kkH_1_subnfd.tt'G KH

t 171 This conj asserts in particular that

a smooth fibre bundle t'G H Mi
with total space t G H and typical fibre K KH

121 Mi must be a opt mtd l w o boundary I sit

1 MI Mr E T

The universal cover of Mr is contrait ble

Ex GH H 701m21
P oIn 11 x On1

the anti de Sitter spare Ads 1

K P IO In 0121 KH P IOIm1 X 011 0 17



based time like geodesics

in r HM

man.i brett time like geodesicstbre が
in い Hn1

The germetrie fibration conjecture says that 51 71 should
admit a foliation by time like geodesics

Supporting evidences

1 The GF conj.is true for standard proper cocpt actions

121 Tha validity of the GF Conj is an open property

in the moduli space of proper cocpt artions

131 1Gueritand Kassel

The GF conj.is true for GH
POn 1 P0ᵗʰ7

Δpom.n
1 n 2 anti de Sitter 3 mfds

mk Let n 2 and To T シj t_ 93 2

ms The moduli space of proper coept ait ions is not connected Salein oo

But the GF Conj.is true for every point in the moduli space

141 1Monelair Schlenker Tholozan Kassel Thilozan

The GF conj.is true for GH 012h 2
vm.gl

Rml As we saw in 3 5 T can be a discrete subgroup wt

isomorphin to any lattice of any reduitive Lie gp in this case

But the GF Conj is true even for such f



Py Assume the GF Cory is true

N the normal bundle of KKH in G H
N K サヤH

Then GH admits a proper coat citi m only when

y
N is a trivial bundle

Rinker This is conjeitured by Kobayashi Yoshino in mid 00S

Sketch of pf It the GF Conj were true we have

s piGKim
rim c 嬴 s 品

e
G µ

4
s G

Kmが1MI
a c 嬴 s 品

シンなで一 一

四

We paved a somawhat wealter result without assuming the GF Cong

Thm Kassel M Tholozan hope to put on arXiv next month 5
GH N as before

SINI the unit sphere bundle for N



Then GH admits sroper cospt artions only if SINI has

the same fibrewise homtrpy type as the trivial sphere bundle

I
Fibrewise homotopy homotopy f total spares compatible with

the projections to the base space

区 GH 1で Pで124に 21
P V124n 1 でHI m 1

Then SINI is fibrewise homotopy eqiv.tn the trivial sphere bundle

but N is hot trivial

Apply Th to GH HPを 1 POP 9 1 p op.q x om

YKH RPE N tautological line bundle P

Fait Adams 62

In this situation S N has the same fibrewise homotopy type
as the yigal sphere

bundle

if and only if p is divisible by 2p

h q 1
L2 9三 0.6.7 mod 8 1
LI 1 1 19三 1.2.3.4 5 mod 8

cf Kobayashi Yoshino the tangential version

Cor H admits proper cocpt actions only if
c p is divisible by 2

I
P N 2 N 4 N 8IN 16IN 32 IN 64 N

q 0 1 2 3 4.5.6.7 8 9 70 11

Previously known results

a proper wept at tim on 7ᵗʰ if

1
p 9 1 Calabi Markus phenomenon



p odd q 1 Tholozay M

improve earlier results by Kulkarni and by Benoist

a proper coat action m 11 if
p.gl 1 o.nl t tri i al

In ol hyperbolic Standard quotients

してた 11 し h V1n 11
14n 3

Kulkarni
灬

18 71 t Kobayashi Spin 18.11

x
Ranken The smallest unsolved case Ip q1 14.21

In this case there is a subgeometry

G2121 SV12.17
014.3

014.2 742
a G22 inv almost cpx str similarly to S G2

SV13

We even do not know if G2121
SV 2 1 admits

proper cocpt altions or not

Proof stretch of Thm

of ft in g

N K 9 n q G H is

difleo.lkXI 1 Kexpx H I Kobayashi 89

大 G km
s G Ktt.tt T eau sin le MkH is contractible

な っ G

ヤnOf Cns G H Ts GKH since P n q is contractible

We can tale よ so that Flo 1



Put I K
kn Pn q GH N

お x i っ の亦 n

I is not even compatible with the projections to MkH but
satisfies the assumptions of the following purely homotopy theoretic

lemma D

Lem
t
x I x xo a connected hasad finite cw cpx

た E X 犬 E X veitor bundles

Identify their zew sactions with X

SIE and SIE I have the same fibrerise hourt py type if
I E E s.t

i き lzero section idx
ii 王 Eno Eko
liii the inmed map I Ew goy Esa hog

is a homotopy equivalente

iv 王 zero saction is a ept subset of E

Tha cocptness of T A G H is needed to verify l iv


